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3ACTOCYBAHHA MATEMATYUHMX 3AKOHIB JIAHYECTEPA Y BOEHHIW CTPATETI{

AHomayis. Mamemamuka, ik HaQyKa npo vucad, cmpykmypu ma modei, gidizpae eascaugy poas y 6a2amuox acnekmax 80€EHHUX
onepayili ma cmpameziil. Bid po3spaxyuky limogipHocmell ycnixy a6o Heedaui gilicbkogux Oili 00 8U3HA4eHHs ONMUMAAbHUX WSXI8
po320pmarHs 8ilicbk ma pecypcie, MameMamuka Hadde 8iliCbKOBUM cmpamezam NOMyx4cHi iHcmpymeHmu 045 nputiHamms 06TpyHmMo8aHux
ma eheKmueHUX piuleHd.

O0dHuM 3 8axcAUBUX AcneKmie GUKOPUCMAHHS MaAMEMAMuUKU y 8ilicbKoBUX YiasiX € po3pobka cmpamezill 045 6otiosux ditl. Bid
BU3HAYEHHs PO3MAUly8aHHS 8ilicbk ma po3mipy cusi 0o yMos nposedeHHs onepayitll, Mamemamu4Hi Memodu ma modesai donomazaroms
onmumizyeamu piweHHS.

Jns eusHauenHs UimosipHocmi ycniXy eilicbkosux onepayili mamemamuka 6UKOpUCMOBYE meopito limMogipHocmell ma
cmamucmuky. Lle dozeosasie oyiHumu iimogipHicmb OocsieHeHHsl Memu, epaxosylovu pi3Hi gakmopu, maki sk eilicbkosa mexHika,
pO3Mauly8aHHs CcynpomueHUKa ma iHwi 308HiwHi ymosu. AHani3 nonepedHix gilicbkosux KOHPikmie ma daHux 00380/51€ CMamucmuyHo
oyiHumu timosipHicHi po3nodinu ma npoz2Hosyeamu silicbkosi nodii.

Mamemamuka makodic 2pae 8axcaAugy pos y po3e's3aHHi 3a0ay o2icmuku ma po3nodiny pecypcis. BusHavenHs onmumanbHozo
Mmapwpymy nepemiujeHHs gilicbk ma pecypcig modce 6ymu chopmy1608aHO sIK 3a0aya onmumizayii Wasxy.

Y cgpepi poseidku ma po3pobku HOBUX MEXHO.102ill MAKOXMC 8UKOPUCMO8YIOMbCs MamemamuyHi memodu. Kpunmoepadis, sika
3axuwae saxcaugy iHgopmayito 8i0 HecaHkyioHosaHoz20 docmyny, 6a3yemuCsl HA CKAAOHUX MAMeMAMuU4YHUX aazopummax. MamemamuyHi
Modesl makoc Moxcyms 6ymu 8UKopucmati 04s cumyaAsiyitl giticbkogux onepayitl, docaidxiceHHs 8Nnu8y HOBUX 36POUHUX cucmeM a6o
aHaizy mpaekmopitl nosbomy paxkem.

Bapmo dodamu, wo mamemamuyHi 3aKoHU donomazarme aHaizysamu ma neped6ayamu pe3y/ibmamu giticbkogux KOH@.1ikmis,
30Kpema 8U3HA4eHHsl 8Nu8y po3mipy ma eheKmusHocmi cu/ npoOMueHUKI8 Ha UMOBIpHICMb ycnixy.

Y nodaHiil cmammi ocHoeHUll akyeHm 3p06/1eHO Ha 3aKOHAX MamemMamu4Hux modesell Jlanyecmepa.

HasedeHo suknadku aiHiliHo20 3akoHy JlaH4ecmepa ma npukaao 11020 3aCMoCy8aHHs.

PozaasitHymo mamemamuyHi npuHyunu pobomu keadpamu4yHoz2o 3akoHy JlaHuecmepa Ha npukaaoi.

BkasaHo i euceimaeHo 5K yi mamemamuuHi 3aKOHU MOJ}CYMb 6ymu 3acmocosaHi y KoHmekcmi pocilicbko20-ykpaiHcbko
KOH(pAiKmY.

Karouoei caosa: silina; 3akoHu Jlanuecmepa; giticbkosi onepayii; mamemamuyHi Modeai; MameMamuyHull aHai3.
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APPLICATION OF LANCHESTER'S MATHEMATICAL LAWS IN MILITARY STRATEGY

Abstract. Mathematics, as the science of numbers, structures, and models, plays an important role in many aspects of military
operations and strategies. From calculating the probability of success or failure of military operations to determining the best ways to deploy
troops and resources, mathematics provides military strategists with powerful tools to make informed and effective decisions.

One of the most important aspects of using mathematics in the military is developing strategies for combat operations. From
determining the location of troops and the size of forces to the conditions of operations, mathematical methods and models help to optimize
decisions.

To determine the probability of success of military operations, mathematics uses probability theory and statistics. This allows us to
estimate the probability of achieving the goal, taking into account various factors such as military equipment, enemy location, and other
external conditions. The analysis of previous military conflicts and data allows us to statistically estimate probability distributions and predict
military events.
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Mathematics also plays an important role in solving logistics and resource allocation problems. Determining the optimal route for
the movement of troops and resources can be formulated as a path optimization problem.

Mathematical methods are also used in the field of intelligence and the development of new technologies. Cryptography, which
protects important information from unauthorized access, is based on complex mathematical algorithms. Mathematical models can also be
used to simulate military operations, study the impact of new weapons systems, or analyze missile trajectories.

It is worth adding that mathematical laws help to analyze and predict the outcomes of military conflicts, in particular, to determine
the impact of the size and effectiveness of the enemy forces on the probability of success.

In this article, the main focus is on the laws of Lanchester's mathematical models.

The article presents the derivation of Lanchester's linear law and an example of its application.

The mathematical principles of the quadratic Lanchester's law are considered on an example.

It is indicated and highlighted how these mathematical laws can be applied in the context of the Russian-Ukrainian conflict.

Key words: war; Lanchester's laws; military operations; mathematical models; mathematical analysis.

Formulation the problem. Given the unstable geopolitical situation in the world and the increased
threat of armed conflicts, it is important to have effective methods and tools to assess the likely consequences
and outcomes of such conflicts.

The application of Lanchester's Laws, which are based on mathematical models and equations,
provides a systematic analysis of the interaction between the parties to a conflict, taking into account the
number, effectiveness, and other factors. This makes it possible to predict the probability of success of each
party, identify critical factors and strategic decisions that may affect the outcome of the conflict.

Given the complexity and unpredictability of armed conflicts, the application of Lanchester's
mathematical laws provides scientifically sound approaches to analysis and strategic decision-making. This can
be especially useful for determining the efficiency of resource use, predicting possible conflict scenarios, and
calculating optimal strategies.

The application of Lanchester's Laws for military purposes can contribute to a better understanding
of the dynamics and consequences of armed conflicts. This can help military strategists, policymakers, and
analysts make more informed decisions and ensure more efficient use of resources in military operations.

Analysis of relevant research. Lanchester's Law and ideas related to its application in military
conflicts have been covered by a number of scholars. Although warfare technology and tactics have changed
significantly since World War I, Lanchester's laws can still be useful for analyzing and understanding some
aspects of warfare. Lanchester's Laws highlight general principles such as mass concentration of forces,
interaction between forces, and loss of fire. These principles remain relevant regardless of the specific weapons
and technologies used. Lanchester's Laws can help analyze and predict various battlefield scenarios and their
possible outcomes. This can be useful in planning military operations and making strategic decisions.

The main formulations and ideas on the application of Lanchester's Laws in military conflicts have
been highlighted by scholars such as Frederick Lanchester, Robert Hill, Paul Davies, Richard Order and John
Fadler. Frederick Lanchester was an English engineer and mathematician who first developed Lanchester's
Law. He published his work "Aircraft in Warfare: The Dawn of the Fourth Arm" in 1916 [1]. In this book, he
first put forward the theory that the forces of the warring parties in a conflict are proportional to the squares
of their numbers. Robert Hill, in turn, studied and expanded Lanchester's concepts in his work "The
Mathematical Theory of War" [2]. In this book, he discusses the mathematical aspects of war and the use of
mathematical models to analyze military strategies and tactics. Paul Davies continued to study the application
of Lanchester's laws in modern military conflicts. His work "Lanchester Equations - Past, Present and Future"
examines in detail the use of Lanchester models in military analysis and strategy [3]. The book "Lanchester
Equations - Past, Present and Future" uses Lanchester's laws as a theoretical tool for analyzing and modeling
military conflicts. Lanchester's laws consider the interaction between enemy forces in a combat situation and
determine how various factors, such as the number of forces and weapons, affect the military outcome.

This book explores how Lanchester's equations can be applied to modern military conflicts, taking into
account contemporary technology, tactics, and means of warfare. It can be useful for analysts and strategists
who are trying to understand and predict the outcomes of military operations in light of modern realities.

The application of Lanchester's Laws to the analysis of current wars can help in studying and
understanding the dynamics of conflicts, identifying strategic advantages and disadvantages, and developing
rational strategies and tactics to achieve military goals.

Thus, the works of scientists consider the use of mathematical models and Lanchester's laws to analyze
the effectiveness of military operations, determine the probability of success and make strategic decisions.

Researchers are actively applying Lanchester's laws and developing new modifications that help to
take into account various factors and complexities of modern military conflicts. Their work provides a basis for
mathematical analysis and forecasting the outcomes of armed conflicts.

In writing this article, various publications and materials were analyzed, including books, scientific
articles and studies related to the application of Lanchester's Laws in military strategy. The author's own
thoughts, observations and research on this topic were also taken into account.

The aim of the article. The purpose of the article is to present the basic concepts and principles of
Lanchester's Laws, which describe the relationship between forces and the effectiveness of military operations.
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Analyze various military conflicts and use Lanchester's Laws to analyze the probability of success, strategic
planning and evaluation of results. To highlight the importance of using mathematical models and Lanchester's
Laws to improve strategic planning, efficient use of resources, and sound military decision-making.

The purpose of the article is to promote understanding and awareness of the importance of
mathematical analysis in the military context and to expand knowledge about the application of Lanchester's
laws to analyze possible outcomes of armed conflicts.

Research methods. Analysis of research by scientists and methodologists, analysis of educational
programs. To achieve the purpose of the study, we analyzed scientific publications related to a) Lanchester's
mathematical laws b) the construction of the quadratic law; c¢) mathematical methods, tools and technologies
that are the basis for military systems

Presenting main material. At the current stage of warfare, where military conflicts are becoming
more complex and large-scale, the use of mathematics is an integral part of strategic planning and decision-
making. It provides an opportunity to analyze, predict and optimize various aspects of military operations,
ensuring more efficient use of resources and reducing the risk of errors [4].

First of all, mathematical models and methods allow us to analyze the situation and predict the
development of events. The use of mathematics in military analysis helps to understand the probability of
success of military operations, determine optimal strategies, and assess possible outcomes [7]. This provides
the command with a sound basis for making important military decisions.

Mathematics is indispensable in determining the efficient use of resources. By optimizing the
distribution of military forces, weapons, equipment, and other resources, we ensure maximum efficiency on
the battlefield. Mathematical methods help to determine the optimal number and deployment of military units,
as well as to allocate the necessary resources among them [5].

In addition, the use of mathematics in military operations allows us to identify and analyze the enemy's
vulnerabilities, including its logistics, communications, and force deployment. This helps to develop strategies
aimed at effectively exploiting these weaknesses and gaining an advantage in the conflict [11].

Let's consider a situation where it is necessary to predict whether it is possible to go on the offensive
against the enemy or retreat to fight another day. We have a situation where the enemy is twice as numerous
as the opponent's troops, but is much less trained in warfare. The main question is whether mathematics can
be used to predict the outcome of such a battle and help decide what to do in such a situation.

Mathematical models are useful tools for analyzing real-world situations. They help simplify complex
processes and allow us to calculate potential outcomes.

The first step in applying a good mathematical model to any system is to understand the basic
processes that make the system work [12]. In this case, the overall system is a battle, and the main interaction
is the fight between individual soldiers [10]. For simplicity, let's assume that each soldier on the front line fights
the opposite soldier on the other side only when one wins, the loser is instantly replaced by another soldier
from that army. This creates a static front line between the armies. Thus, soldiers located further from the front
do not actually fight any battles until they reach this line. This small detail is very important.

Let's add two new parameters a and . They are needed to determine how well trained and armed
each army is. a represents how effective each soldier is at defeating the enemy, where a value of 1 means that
each soldier in the line defeats one enemy per unit of time, and none at 0. The § represents the same, but for
the enemy. These parameters depend on various factors. Since troops get tired during a battle, the parameters
will depend to some extent on time, and if we take into account the morale of the soldiers, it will probably also
depend on the size of your own army and the enemy army. For the sake of simplicity, let's assume that they are
constant: a = const, f§ = const. This will be one of the main assumptions to simplify the model.

We can now use these constants to construct a differential equation that describes how the size of each
army changes over time. Let's use the notation A(t) to denote the size of one army and the notation B(t) to

. I oo d
denote the size of the enemy at a certain time. The rate of change of the army size is denoted as d—/z. The number

of soldiers lost per unit of time should be equal to the number of enemy soldiers attacking that army multiplied
by the effectiveness of those soldiers, which is the number of soldiers defeated per unit of time. So:

dA
L\l ©
where N is the number of enemy soldiers on the front line. We put a minus sign because we lose troops rather

than gain them.

For the enemy, we get a similar equation, but with the coefficient a:

aB

Since both armies have the same number of soldiers on the line at the same time, N is the same in these
two equations. It is important to note that both armies are shrinking at a constant rate. This is called
Lanchester's linear law because if we plot each army against time, the resulting trend is a straight line. The
gradient of this line is proportional to the effectiveness of the enemy soldiers, and the point where each line
crosses the ordinate axis is the initial size of each army (Fig. 1):
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Fig 1. Image of Lanchester's linear law

Suppose that both armies are ready to fight to the end. The losing side is the army that will be destroyed
first, so their line will be the first to reach zero. We know that the enemy army is twice the size of the opponent's
army: B, = 2A4,, so to win, the soldiers must be more than twice as effective as the enemy. We can achieve this
result algebraically.

Let's divide the two previous equations by one:

@ _s

&«

By integrating this combined equation, we get the following:

f;‘o adA = f:; BdB - a(A — Ay) = B(B — By),
where A, and B, are the initial size of each army.

Since we know what we need to win the battle, we are looking for conditions under which A > 0 and
B = 0. Under these conditions, the enemy will be destroyed. Consider this case specifically for this equation
a(A — Ay) = B(B — By). The enemy will be destroyed if:

aAy > BB,.

The result of multiplying the efficiency by a4, is the combat power of the army F,, and the army that

has the highest result of this coefficient will win the battle. Let's compare the strength of the armies:
Fpo > Fg — wins the army A
Fg > F, — opponent B wins

Since the enemy has twice as many units (B, = 2A,), his opponent must be twice as efficient
(e« = 2p)in order to have equal combat power aA, = [B,. Thus, the enemy will be defeated if one soldier is
equal in effectiveness to at least three enemy soldiers (¢ = 3f). That is, if for every soldier of Army A there
are two enemies of Army B, but each soldier of Army A is worth three of Army B, then it is clear that the troops
of A will win.

Lanchester's linear law describes such simple scenarios, where the number of soldiers fighting is fixed
at one time, since the limited front line does not allow Army B to surround Army A and defeat it. If we talk about
the encirclement of one army by another, we have a less obvious result.

Let's consider the following situation, in which we pay attention to Lanchester's quadratic law.
Suppose we have an army A of 1000 men crossing a large flat surface, and an army B of 2000 men is heading
towards them. So, again, Army B outnumbers Army A by two to one, but they have better weapons that allow
them to respond to an attack at three times the enemy's speed, which again makes them three times more
effective. Given the same conditions, Army A will be defeated. Let's look at why.

The key difference lies in the terrain of the battlefield. On a straight battlefield, fighting takes place only
between those on the front lines of the battle, with the rest having to wait. However, on a flat surface, there are
no restrictions that would limit the battle and the ability of soldiers to attack from a distance means that at any
given time, every soldier can attack the enemy and also be attacked. That is, no one waits for their turn as in
the previous case, the entire army of A competes with the entire strength of the army of B at once.

Let's form some equations similar to the previous ones that describe how the size of each army changes
over time. Just as in the straight line, the rate at which each army shrinks will be equal to the number of enemy
soldiers attacking at the same time multiplied by the efficiency of those attackers. The only difference is that
the number of attackers is no longer constant and the front line is not limited:

A _
dt BB,
B _
dt = aA.

Consequently, the size of each army does not follow a linear trend over time. This phenomenon cannot
be represented on a graph as a straight line because the gradient is no longer constant.
If we combine these equations again and integrate the result, we get the following equation:
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dA
(zr) _dA _pB
N TP
=) dB aA
dt

A
We can see the square of the number of soldiers in each army. This is Lanchester's law of squares.
Let's consider what conditions must be met for Army A to win. For this to happen, we need: A > 0 and
B = 0. When we plug these constraints into the equation, we get the following constraint:
ahA,® > BB,°.
aA,* = F, - the new fighting power of the army. Since the model assumes that whichever side has the
highest value wins the battle, this is almost identical to the fighting strength determined in the linear case,
except that now it is the square of the army's size. This means that having more soldiers gives you a much
better chance of winning. For example, if you double the size of an army, their fighting power would be four
times greater. This is the reason why Army A was defeated, because the numerical advantage of Army B squared
was greater than the efficiency advantage that Army A had:
ahy’ BBy’
(a = 3B) (By = 2A¢)
3BA0°  4BA,’
F, < Fp
To demonstrate the power of the quadratic law, consider what would happen if the two sides were
identical in effectiveness, but one had a slight advantage in numbers. Suppose Army C has 1000 men and Army
D has 700. We can assume that Army C will win, but lose most of their troops in the process, but thanks to the
law of the square, Army C actually wins the battle with 714 soldiers, which is still a very large part of their
original army:

on aAdA=fBB; BBdB - a(A? — A,?) = B(B% — By2).

a(A? — Ay®) = a(B? — ByY)
(We are looking for A since B = 0)
Ay = 1000 B, = 700
A% = 1000% — 7002
A=v10002 — 7002 =714
Such a small number of advantages have such a huge impact on who wins the battle. At a fundamental
level, this is because the strength of an army's attack is directly proportional to its size:

i aA.
The beginning of the battle The end of the battle
1000 1000
800 800
600 600
400 400
200 200
0 0
Apmia C  Apmisa D Apmia C  Apmia D

Fig. 2. Diagram of the quadratic law for the same efficiency and different number of troops

At the beginning of a battle, a larger force does a lot of damage to a smaller force, while a smaller force
does less damage because, as noted earlier, the strength of an attack is proportional to the number of people
[8]. This means that a smaller force will lose more people than a larger force, increasing the difference in
numbers. This process is repeated over and over again with the difference in size, and as a result, the difference
in strength becomes larger and larger until the smaller force is completely destroyed.

As the smaller force reduces its ability to harm the larger force, the larger force also reduces its ability
to harm the smaller force, making the power imbalance even more pronounced [9]. This effect eventually
combines with a small size difference in the beginning, leading to a much larger size difference later.
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Fig. 3. Graph of the quadratic law for the same efficiency and different number of troops

All of the above is the result of the fact that every soldier could immediately engage the enemy.

The English engineer Friedrich Lanchester came up with these equations in 1916 during World War [,
where long-range weapons were used.

These general mathematical models can give a rough idea of what is likely to happen. The fewer
assumptions there are, the more reliable the result. They also help to provide a much better understanding of
the general principles that apply, which is ultimately an incredibly valuable tool.

The above calculations can be applied to modern military conflicts, including the current Russian-
Ukrainian conflict, which is relevant for our country. As already mentioned, Lanchester's first law, also known
as the law of firepower, describes the relationship between the firepower of two enemy sides and the change
in the number of their troops over time. The following mathematical model can be considered for the Russian-
Ukrainian conflict:

Let N1(t) be the number of military units of the Ukrainian army at time t, and N2(t) be the number of
military units of the Russian army at time t. The firepower of the Ukrainian army will be denoted as F1(t), and
the firepower of the Russian army will be denoted as F2(t).

The law of firepower can be expressed by the following formula:

dN1() k2 = F2(t
= — *

T ®

dN2(0) k1l = F1(t
= — *

T ®

where dN1(t)/dt and dN2(t)/dt are the rate of change in the number of military units of the Ukrainian and
Russian armies relative to time t, k1 and k2 are the proportionality coefficients that reflect the impact of the
enemy's firepower on the reduction in the number of military units, F1(t) and F2(t) are the firepower of the
Ukrainian and Russian armies relative to time t.

These equations indicate that the change in the number of military units on each side is proportional
to the enemy's firepower. The greater the enemy's firepower, the faster the number of enemy military units
decreases [6].

This mathematical model can be used to analyze and predict the dynamics of the number of military
forces of the Ukrainian and Russian armies during the conflict.

Analyzing the above mathematical derivations of Lanchester's first law for the Russian-Ukrainian
conflict and without taking into account extraneous factors, the following observations can be made:

1. Depending on the firepower of each side, the number of military forces will decrease over time. The
greater the firepower of one side, the faster the number of enemy forces will decrease.

2. The patterns of dependence between firepower and changes in the number of military forces allow
us to predict the general trend. For example, if the firepower of the Russian army exceeds the firepower of the
Ukrainian army, we can expect the number of Ukrainian troops to decline faster than the number of Russian
troops.

3. The temporal distribution of changes in the number of military forces may be uneven depending on
the firepower of the parties. For example, during intense hostilities, the reduction in numbers may be greater
than during calm periods.

It should be borne in mind that these conclusions are based only on mathematical models and
assumptions, and do not take into account real strategic, tactical, political and economic factors that can
significantly affect the dynamics of the number of military forces of the Ukrainian and Russian armies during
the conflict.

Conclusions and prospects for further research. Mathematics helps to determine strategic
decision-making, calculate the optimal deployment of military resources and the distribution of forces on
different fronts. This helps to increase the efficiency of military operations and reduce losses.
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The use of mathematics also helps to develop strategies to counter enemy actions, analyze and predict
the possible consequences of various conflict scenarios, and assess the effectiveness of various types of
weapons and technologies.

The use of mathematics in the military is essential for making informed decisions, minimizing risks,
and achieving strategic goals. It allows us to understand complex relationships, identify weaknesses, and
develop optimal approaches to warfare.

The use of mathematical models, in particular Lanchester's laws, plays an important role in military
operations. They allow analyzing and predicting the dynamics of the number of military forces, determining
the impact of firepower and other factors on the outcome of hostilities.
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