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BAPIALIMHWIA MAXIA A0 OBPOBKU 30BPAXEHD 3 BUKOPUCTAHHAM PIBHAHb MATEMATUYHOI ®I3UKU

BCTYN

3apayi 06pobKu 306pakeHb, AKi PO3rNALaTLCA Yy AaHIM pobOTi, MaTeEMaTUYHO ONUCYOTLCS 3a4a4aMu
BapiaLiMHOro uymcneHHA. OcTaHHI 33 AOMOMOrot piBHAHHA EiMnepa-/larpaHika 3BoAATbCA A0 PO3B’A3aHHA
KpaioBoi 3agayi gna piBHAHHA MNyaccoHa.

PiBHAHHA MyaccoHa — andepeHUianbHe PIBHAHHA B YaCTUHHUX NOXigHMX. 3 MOro AONOMOrO MOXKHA
onucatn geski ¢isnyHi npouecun i ABULWA, TaKi AK CTauioHapHe noJsie TemnepaTypu i eneKkTpocTaTuyHe none.
3ara/ibHUM BUTAA4 PiBHAHHA MyaccoHa Ma€ HAaCTYNMHUIM BUTASA:

Af =g,A —onepaTop /lannaca.

Hesigomoto ¢yHKLji€ y Lbomy piBHAHHI BUCcTynae ¢yHKuUia f . HaltuacTiwe piBHAHHA pPO3B’A3YyIOTb Y
neBHiM obmerkeHili obnacti. Y Takomy BMNagKy, Wo6 po3B’A30K PiBHAHHA [lyaccoHa 6yB OAHO3HAYHO
BM3HayeHW, NoTpibHO AoAaTK KpalioBi ymoBu. Lli ymoBM 6yBatoTb TPbOX BUAIB: [MpUXae, KoM 0OMeKeHHs

HaK/a[aTbcA Ha camy PyHKLito f na rpaHunui obnacti; HelimaHa, KoM YMOBM HaKk/1a4aloTbeA Ha ii noxiany T4

3MillaHi:

*

v’ Oupuxne: f o=

;
oQ
*
’

v" HeilmaHa: f'|6Q =g

aQ
v\ 3MmilaHi.
TyT O — rpaHuUA po3rasayBaHoi obnacri, a f*, g* — Bigomi GyHKLUiI.

TEOPETUYHA YACTUHA

BigHOBNEeHHsA 306paKeHHA N0 BEKTOPHOMY MOJII0 FPaAi€eHTIB

Ha gaHui MOMEHT Ans BENMKOro CNeKTpy 3aBgaHb 06pobKM 306paxkeHb 3anNponoHoOBaHi MeToau, Wo
MICTATb B AKOCTi 04HOrO 3 eTanis NobyaoBy Ta pilleHHA piBHAHHA MyaccoHa. [11] HanpuKknaa, A0 Takux 3aBaHb
BigHOCATLCA CTUCHEHHA HDR-306paKeHb, MaTyBaHHA 306paKeHb, pegaryBaHHA 306paKeHb.

He3Barkatoum Ha PisHOMaHITHICTb MeToAiB, PiBHAHHA MyacCcOHa B LiIOMY pAAi 3 HAX 3aCTOCOBYETLCA ANA
BUPILLEHHSA OAHIEi i Tiel K 3apaui, a came BiAHOBNEHHA 306paKeHHs No rpagieHTHomy nonto. [17] PosrnsaHemo,
Lei KNo4yoBuit etTan AoKNaaHo.

Hexan 306paxeHHa QQ — 3amKHeHa niamHoXunHa R?, 3 rpanuueo o6Q (puc.l). Hexaii f — Hesigoma
cKanapHa ¢yHKuia, 3agaHa Ha Q. Hexalt V — BekTopHe none, 3agaHe Ha Q. HeobxigHo BigHoBMTU dyHKUjIO T,
BEKTOPHE NoJie TPaAieHTiB AKOI piBHO V.
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Puc. 1. TpagpiuHe npedcmasneHHA yMmosu 3a0a4i

®yHKuin V He 060B’A3KOBO € iHTerpoBaHo. TO6TO MosKe He icHyBaTu Takoi dpyHKUi f, wo VI =v. Le
BMN/MBAE 3 TOTO, WO ANA f NOBUHHA BUKOHYBATUCh YMOBA

Vif Vi
oy ayox
Lle 3HaunThb, Wo AnA iHTerpoBaHocTi V HeobxigHa ymoBa
ov, ov,
ERCS

o 30BCiM He 060B’A3KOBO AnA A0BiNbHOI GyHKLUiT V. ToAi MOXHa 3HANTM TaKy NoTeHuianbHy QYHKLUilO f ,

rpafieHT AKoi Hanbinbw 6an3bknin Ao V. To6To NoTPiBHO MiHIMI3yBaTU HACTyNHUI GyHKLIOHaN:
2 2

of of
F(Vf F(VF,v)=|vf —v|=[ £ - a.
'[3[ (Vf,v)dxdy, F(Vf,v)=]| v ~ v, | + Py v,

PyHKLUA f , MiHiIMi3y€e OTpPMMaHUIA iHTerpan Ta NOBMHHA 3a[,0BONbHATU PiBHAHHA Etnepa-J/larpaHka:

oF o oF 0 0dF

of  oxof, oyof,

Mpw 3amiHi B ocTaHHbOMY piBHAHHI Bupasy F oTpumaemo HactynHy dopmyny:

o) O\, F 2oy, oy,
Xt ox oyt oy ToxE ooyt ox oy
B pesynbTaTi po3s’A3aHHA 380MTbCA A0 BiLOMOrO piBHAHHA MyaccoHa
Af =divv.

[INA OCTaHHbOTO PiBHAHHA Tpe6a A0AaTU KPaioBi yMOBM HACTYMHUX BUAIB:
*

v . | - .
Oupwxne: f . fl .

oQ

*

v HeiimaHa: f'|aQ =g ;

60
3MiLLaHi.

* *
Y aaHomy sunagry OC2 —rpaHuLA po3rnaaysaHoi obnacTi, a f » § —nesHiBigomi dyHKUi. Y BUNaaKy
rPaHMYHUX YMOB HellMaHa po3B’A30K piBHAHHA MyaccoHa byae BU3HAYEHMI 3 TOYHICTIO 40 KOHCTAaHTU. [Jo Toro

X, ONA iCHYBaHHA PO3B’A3KY NPW rPaHUYHUX YMoBax HelimaHa iHTerpan y ¢dyHKLUin f*, g* No KOHTYPY rpaHuLi
NOBMHEH BYTU PiBHUI Hy/tO.

3py4YHicTb BMKOPUCTAHHA piBHAHHA [lyacCoHa 3aKAOYAETbCA B iCHYBaHHI A0CUTb epeKTUBHUX
ANrOpUTMIB MO0 YMCENbHOTO PO3B’A3KY Y AUCKPETHOMY BUNAAKY.

TaKMM YMHOM, NPU BUKOPUCTAHHI PiBHAHHA lMyaccoHa, MOXHa BiAHOBUTU OAHOKaHa/bHe 306parKeHHA
i3 BEKTOPHOTrO MO rpagieHTiB. Y BUNAAKY KiNbKOX KaHaniB, KOXeH 3 HUX 06pobAfETbCA OKPEMO.

Tenep nepengemo [0 OMNALY KOHKPETHUX aJrOpUTMIB, fAKi BMMAratoTb BUKOPWUCTAHHA PiBHAHHA
MyaccoHa.

B pi3HMX CTATTAX aBTOPW MPOMNOHYOTb IHCTPYMEHTU ANA 06pobku 306paxkeHb. Bci BOHW OCHOBaHI Ha
po3B’A3aHHI piBHAHHA MyaccoHa. TaKk AK MeToaM NpaLtotoTb 3 061aCTIO, SIKA € YAaCTMHOK AEeAKOro 306paKeHHs,
TO AN1A OTPUMaHHSA TOYHOI BiANOBIAI BUKOPUCTOBYIOTLCA YMOBU [Mpuxne: Ha rpaHuL,i WwWyKaHa GpyHKLiAa NOBUHHA
cnienagat 3 BUXIAHMMM 3HAYEHHAMM Mikcenis. Y BUNaAKy, KOAM o06nacTb TOPKAETbCA rpaHULi camoro
306payKeHHs, rpaHUYHi YMOBM € 3MiLLAHOTO TUNY.

beswwoBHe KNOHYBaHHA
Llelt iHCTPYMEHT La€e MOX/AMBICTb BCTaBUTU YAaCTUHY OAHOro 306paxkeHHA B iHWe TakK, wob He 6yno
NMOMITHO WBIB. IHCTPYMEHT HibW nianalwToBye YacTMHY 300parkeHHsA, AKa BCTABASAETbCA MNifg, iHWY 4YacTUHY
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BUXiAHOTO 300pakeHHA. Hacnpasgi, 41A OTPMMAHHA pe3y/ibTaTy BUKOPUCTOBYETLCA TiIbKU Fpafi€eHTHe nose
300parKeHHA, AIKe BCTABAAETLCA. TAaKMM YMHOM OTPUMYETLCA PIBHAHHA llyaccoHa 3 FPaHUYHMMM YyMOBAMMU
Oupuxne:

Af =Ag Ha Q,
f|5§2: t

oQ

*
ne § - sisome 306paxeHHs, ake BcTaBnaeTbea B obnactb 0, a f - 306pakeHHs, B ake scrasnsemo.

Po3B’sa3ytoun noctaBneHy 33434y, MOXHa Bifgpasy po3B’A3yBaTH Kiibka HAaCTYNHUX 3a4a4:
v'  6e3l0oBHa BCTaBKa HOBUX e/1eMEHTIB y 306paskeHHA. [laHni iIHCTPYMEHT 3aCTOCOBYETLCA A1 CTBOPEHHSA
KONaxiB Ta iHWIMX METOAIB XyA0KHbOI 06p06KM 306parkeHb Ta doTorpadii;
v' npuayweHHsa HebaxaHux apTedakTis. Ha obnacti 3 HebaxaHMMM 06'eKTamMK KOMIKOIOTLCA WIMAaTOUKM
YUCTOT TEKCTYPM 3 iHWMX MiCLb TOTO K 300paKeHHA. TaKUM YMHOM MOXKHa PoBUTU peTylyBaHHA Ta
BigHOB/NEHHA doTOorpadin.

3miwyBaHHA rpaaieHTiB

Mpwu KNoHyBaHHI obnacTi oAHOro 306paxkeHHA B iHLWE HiAK He BPaXOBYETbCA YAaCTMHA 306paXKeHHA Ha
AKY BWKOHYIOTb BCTaBKYy. Y [AEAKUX BUMNAAKAx LEe MOXe NPU3BECTU A0 MNOMITHUX apTedaKTiB, TaKuX fAK
NPOAOBXKEHHSA BCcepeanHy 06pobatoBaHOi 06iacTi pi3KMX nepenagis ACKPABOCTI Ha rpaHuui. [1;4;6] YacTiwe 3a
BCE NPOMOHYOTb NiaxXia, AKWI BUpiWye Npobaemy Ha piBHi rpagieHTiB. BeKTOpHe noJie rpaAieHTis, ke noTim byae
nepeTBoOplOBaTUCA B 306paKeHHs pilleHHAM piBHAHHA MyaccoHa [15], BBa*KaeTbCA AK MaKCUMYM B KOXKHIii Toul,i
rpafieHTiB BUXiAHOro 306parKeHHs i 306parKeHHs, AKe BCTaBAAIOTb:

Yxy)= ViT(x,y), 'Vf “(x, yj > Vg(x,y),
‘Vg (X, y],maxme.

TakMm UYMHOM, BPaxoByloTbCA Bce 6inblii nepenagu ackpasocTi [12]. Takuit iHCTPYMEHT (KNOHYBaHHA 3
nonepeaHim 3milyBaHHAM rpafieHTiB) 403BONAE PO3B’'A3YBATU KiNlbKa 3a4auy:
v/ BcTaBKa B 061aCTb, 3aXONJIK0OYY YacTUHY AKOrock 06'eKTa. AKLLO He BpaxoByBaTW rpajieHT BUXIAHOro
306paKeHHs, WO BiANOBIAAE 32 KOPAOH LbOro 06'eKTa, BiH NPOCTO PO3MMETLCA. AKLLO K 3aCTOCYBATU
TeXHiKy 3MillyBaHHA rpagieHTiB, 06'eKT 36eperkeTbCs;
v\ BCTaBKa 306pakeHb 3 AipKamu. fAKLIO He XOYeTbCA AyKe TOYHO BUAIAWUTM CKNadHuii 06'ekT nepep,
KNIOHYBAHHAM, MOXHa MPOCTO 3aCTOCYBaTU TEXHIKY 3MilLYBaHHSA rPaLi€eHTIB;

PeparyBaHHsa obnacTeit 306parKeHHA
[HWi iHCTPYMEHTM MNpautoloTb He 3 KNOHYBaHHAM, a 3 pegaryBaHHAM obnactei. [7] PeparyBaHHA
BinbyBa€eTbCA Ha piBHi rpafieHTiB abo KpaMoBMX YMOB, a KiHLEBUIA pe3ynbTaT NepeTBOPeHb 3HAXOoAMUTbCA
pilleHHAM BCe TOro * piBHAHHA MyaccoHa. [13]
v JloKanbHi 3MiHW OCBITAEHHA. MepeTBOpPIOOYM rPaieHTH 3a cneLiaibHUM 3aKOHOM MOXHa JOMOTTUCA AK
36inblUeHHA TaK | 3MeHLWeHHA OCBITAEHOCTI 06'eKTa;
v' JloKasbHi 3MiHM Konbopy. Mo pi3HOMY NepeTBOpPIoYM rPafiEHTU B PiZHUX KONIPHMX KaHanax, MOXHa
nepedapboByBaTH BUAiNEHI 06'eKTH.
BapTo BiA3HAYMTH, LLO 3aNPOMNOHOBAHUI AaHUI anropPUTM 3aCTOCOBHUI HE Ti/IbKW a5 cTUCHeHHs HDR-
306pakeHb. BiH TaKOX Aa€ HenoraHi pe3ynbTaTv Ha 3BUYANHUX KapTUHKaX, pobaaun 6isbl NOMITHUMK AeTani B
3aHaAToO TeMHMX abo 3aHAATO CBITAMX 0bNacTAX.

3miwyBaHHA 306parkeHb (edeKT Houi)

TyT BUKOPUCTOBYETLCA METOL, 3MilLlyBaHHS ABOX 306paKeHb, 3HATUX 3 Pi3HUM OCBITNIEHHAM (HanpuKNag,
BAEHb i BHOYI), AnsA OTPUMAHHA binbw iHPopmaTUBHOrO 306parkeHHA. Pe3ynbTaT Mpu UbOMY, WOMNPaBAa,
BMXOOMTb HepeanicTU4yHMi. KpiMm MOMKNMBOro 3aCTOCyBaHHA B MMUCTEUTBI, MeTOL MOXe 3acTOCOBYBAaTUCA B
CMCTeMax CMoCTepPEXKEHHS, 411 NONINWeEHHA 30pOBOr0 CNPUNHATTA KapTUHKWK. [1; 2; 3; 16]

OTKe, Hexal € poHOBe 306paKeHHs, 3HATE B AEHHUI Yac, | AMHAMIYHA HiYHA cueHa. ArOpUTM NpaLtoe
3 BEKTOPHUMM NONAMM TPALIEHTIB. CUNbHI FPaIEHTM HIYHOT KAPTUHKKM 3a/INLWAOTLCA, A PeLlTa 3aMiHIETbCA Ha
rpafieHTn 3 AeHHoro 3o6paxeHHsa. MNoTim 33 gonomoroto piBHAHHA [lyaccoHa BiAHOBNOETbCA pPe3y/bTytode
306parkeHHsA. [15] Llel nmiaxia moxHa po3WMpUTU, 3aAMLLAKOYM FPALIEHTM HIYHOI KapTUHKM B TUX Micusx, Ae
CLeHa 3MiHI0ETbCA (418 NOCNiA0BHOCTI 306parkeHb). TaKMM YUMHOM AMHAMIYHI 06'eKTM ByayTb BpaTncA 3 HiYHOrO
306paKeHHs, a CTaTUYHI 3 AEHHOrO, @ PilleHHA PiBHAHHA MyaccoHa 3pobuTb WBKU HEMOMITHUMM.

BupaneHHn aptedaKTiB 306paxkeHHA 3 BUKOPUCTAHHAM NpOeEKLii rpaaieHTa
MeToam npaLtoloTb 3 ABOMa 306parKeHHAMM OAHIET CLEHW: 3HATUM 3i cnanaxom i 6e3 Hboro. Y 6araTbox
BMMaZKax YacTMHA CLEHM Kpalle BUXOAUTb B O4HOMY 3 LUuX 306pakeHb, a YacTMHa B iHWoMmy. Kpim Toro KoxHe
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306paxKeHHA MOXKe MICTUTK CBOT TUMK HebarxkaHuxX apTedaKTiB, TaKUX AK BiAOAUCKM i Bioa3epKaneHHA. OCHOBHa
MeTa MOJIAraE B OTPUMAHHI HanbinbWw NPUAATHOK ANA NOLCHKOFO CNPUAHATTA KapTUHKK. Oa8 uboro 6yayoTb
MaTeMaTUYHY MOZENb OCBITNIEHHA. Jani BXKe MOXKHa po3rna4aTth Kiibka TUMNiB KOHKPETHUX 3aBAaHb. [8; 9] Ana
KOYKHOTO 3 HUX MOKHA 3anpOnNOHYBATU CBi ONTUMANIbHWUIA METOZ, 3MiLLlyBaHHSA rpaieHTiB 306paxkeHb, BUXOAAYUM
3 Mogeni OCBITNIeHHA. 3aKN0YHA YacTMHA Yy BCIX MeTOAiB OA4HaKOBa: pPe3ynbTaT BiAHOBAKETLCA PIBHAHHAM
MyaccoHa. LLLob maTi MoXKAMBiCTb BUKOPUCTOBYBATM AK KpanoBy yMOBY Jupuxie, aBTopu 06BoAATb 306pakeHHs
LIAPOM 3 HYJIbOBMX MiKceniB. BapTo TakoX Big3HAUMTK, WO BCi METOAM He MPaLoOTb TOAi, KON Ha OAHOMY i
TOMY X MicLi NpUcyTHi apTedakTu (Hexal pi3Hi) Ha 060X 306parKeHHSX.

MpakTUyHa YacTMHa
Ha cborogHiwHin aeHb cuctema Matlab, 30Kkpema nakeT npuknagHux nporpam Image Processing
Toolbox, € Halt6iNbL NOTYKHUM iIHCTPYMEHTOM A1 MOAENOBAHHSA | AOCNiIAKEHHA MeToAiB 06p06KM 306pakeHb.
BiH BK/lOYA€E BEAMKY KiNbKicTb BOYAOBaHUX GYHKLUIiN, WO peanisytoTb Halbinblu nowunpeHi metoan obpobku
306parkeHb. Po3rnaHemo OCHOBHI MOXKAMBOCTI nakeTa Image Processing Toolbox.

[na 3unMTyBaHHA 306parKeHHA Ta NPeacTaB/IEHHI MOro y BUrAAAi NaniTpyu, BUKOPUCTOBYETLCA
¢dyHKUina imread. B pe3ynbTaTi BUKOpPUCTaHHA AaHOT yHKLT BUXiaHe 306parkeHHA byae npeAcTaBAeHO Yy BUTNALI
TPUBMMIPHOI MaTpwUL;.

MpuKnag paLKiB NPorpammn AN 3UMTYBaHHA 306paKeHHA HaBeAeHO HUXKYe:

Im = imread('Cat.jpg'); % 3unTyBaHHA 306paKeHHA (pe3ynbTaT 3UMTYBAHHA TPUBUMIPHaA MaTPULA)

Im2 = imread('Dog.jpg'); % 3untyBaHHA 306parKeHHA (pe3ynbTaT 3UUTYBAHHA TPMBUMIPHA MaTpuLA)

[na ctBopeHHA rpadiyHoro danny, AKUM € pesynbTaTom 06POBKM TUM UM iHWIMM METOLO0M, MOXKHA
BMKopucToByBaTU PyHKLiT imwrite. MpuKknag parmeHTy Kogy ons poboTH faHOT GYHKLIT HaBEAEHO HUXKYE:

imwrite(Im_rez,'Pe3ynbrart.jpg');

AIK 6aunmo, Wo paHa GyHKLUiA Npuiimae ABa napameTpu. Mepwmin napameTp — Ue TPMBUMIPHa MaTpULA,
AKa MICTUTb iHTEHCUBHOCTI nikceniB 06pobieHoro 306paxkeHHs. [pyrum napameTpom € Hassa daiiny 3 oro
po3wnpeHHaM. MNicna uboro pesynbTat 06pobKM (cam rpadiuHmii dainn) byae CTBOPEHO Y NOTOYHIN AMPEKTOPII.

OcTaHHA PYHKLiA, AKa BUKOPUCTOBYBAMACh AN POOOTU 3 306parkeHHAMU — Le GYHKLUIA BifobpaKeHHsA
306parkeHHs y rpadiuHomy BikHi cepegoBua MatlLab. Lie dyHKuUia imshow. OyHKLis moxKe NnpuitmaTy 5K i Ha3By
306parkeHHs, TaK i TPMBUMIPHY MaTPULLIO, AKA XapaKTepPU3ye iIHTEHCMBHICTb KOXKHOTO MiKcens.

Ona Toro, wob poss’asaTM Bci 3agadi, AKi 6yno onucaHo, NOTPiBHO cnoyaTKy PO3B’A3aTU YUCTO
MaTeMaTU4Hi aHanorn moaenei BignoBiAHWX 3afady. MOCTAHOBKM PO3rNAAYBAaHUX 33434 HABEAEHO HUXKYe.
MepLua 3 HUX Ma€ y 3araNbHOMY BUNAAKY HacTynHe GOpMytOBaHHS.

3HalTn dyHKUjo f (X, y) 3a AKOT HM¥KYeHaBeAeHUIN GyHKLUIOHAN MaE rnobanbHU MiHIMyMm.

J(f):”F(Vf ,V)dxdy — min,

2 2
F(Vf,v)=||Vf,v||=(%—vxj +[ﬂ_vyJ .

oy
oF 0 oF 0 oF

— ——— ———— =0 -pisHAHHA Eltnepa-/larpaHxa

of oxof, oy éf,

ot ov o°f v, o't o' _ov, v,
2 =+

vl + 2 =Y Tt :
oX"~  OX oy oy ox~ oy oX oy

lPaHMYHi ymoBM BUAY:

v Oupuxne (nepworo poay): f|aQ =1

v Heiimana (apyroro pogy): f '|aQ =g o
O

*

v’ Po6iHa (Tpetboro poay): ¢ f |3Q +pf '|(X2 =9\,

Tenep nepengemo [0 33fay, AKIi MatOTb KOHKPETHi 3HauyeHHA. [lepwa 3ajaya Mae HacTynHe
dopmynioBaHHA.

3naimu f (X) 0114 AKoi

J(fv)= [(f—v)dx — min,

O ey
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pe V=6mx"cos22x°, £(0)= f(1)=0.
Po3e’sa30k

BMKOPUCTOBYEMO PIBHAHHA: oF _iﬁ =0,0e F= (f '—V)2 )
of dxof'

2 2
91 _dv)_ @ _ov,
dx dx dx dx

% = (6% cos 27, '= 67(2x cos 22 — 6x sin 22x° ) = 1272x(cos 27x° — 3m¢ sin 27x° )
OcTaToO4HO MAEMO:
d°f 127x(cos 272¢ — 3¢ sin 22x°), £(0) = F(1) =0
ax A

AHaNiITUYHUI PO3B’'A30K ANA NEPEBIPKU: f (X) =sin 27ZX3.

+ Figure 1 - B “

File Edit View Insert Tools Desktop Window Help

DNEde [ M| AQT9EL- 2 0E|mD

AHaNITWSHUA B1Pa3 WY KaHOT dyHKLIT
BigHoeneHa dyHkuis 1(x)

|

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
20 T T T T
0 S — —— - 4
-10 7 -
20 1 1 1 1 1 1 1 1 1
0 0.1 02 03 04 0.5 0.6 07 08 09 1

Puc. 2. YucenbHuli po3e’sa30k nocmasneHoi 3a0ayi

AHaNOFYHMM YUHOM MOKHA 3anncaTh 3aga4y ANA ABOBUMIpHOI obnacTi. CyTb i NpakTUYHO Taka cama i
3BY4MTb ii GOPMYNtOBaHHA HACTYMHUM YMHOM. 3HaUTU QYHKUiO f, 33 AKOI dyHKUiOHaN HabyBa€e rnobasbHOroO

MiHiMyMmy, Npy YMOBI, wo dyHKuii V, Ta Vy HaMm BigOMi. 3aa4a CTaBUTLCA HAaCTYNMHUM YNHOM.

3naittn f (X, y), Ana AKoi
(1) [ reer vy - | (L ] <[y, |
J(f)=||F(Vf,v)dxdy = (——vxj +(——vj dxdy — min,
Il M) 5

v, = z(y —0.5)cos(7(x — 0.5y —0.5)), v, = z(x— 0.5)cos(z(x —0.5)y - 0.5)).
f(0,y)=—sin M f(1,y)=sin M
2 2

ae

7(x-0.5) 7(x—0.5)

f(x,0)=—sin , f(x,1)=sin —

Po38’a30kK

2 2
(q—vxj +(ﬂ—v j }dxdy—> min,
oX oy ’

oF 0 oF 0 oF o°f  ov ot  ov, o't o°f ov, ov
————— —=0,2 — 2 14+2 —-— =0, 5 +—F=2+-2.
y OX OX oy oy OX oy ox oy
v, = z(y —0.5)cos(z(x —0.5)y —0.5)), v, = z(x— 0.5)cos(z(x — 0.5y — 0.5)).
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X~ —r?(x-05) sin(a(x - 05y ~05)), % — _?(y—05sin(z(x— 05y —0.5)).

OcmamoYHo Maemo
o’'f  o°f , , - ~
P v ((x—0.5) +(y-0.5) )sm (z(x—0.5)y-0.5)), (x,y)e[o:1},
f(O,y)z—sinM, f(l’y)zsin;r(y%o.s)'

f(x,0)=—sin M f(x,1) = sin (x-05)
2 2
Hukue Ha puc.3 NoKasaHO YMCeNbHUIN PO3B’A30K NOCTaB/EeHOI BapialiiHOi 3a4a4i, WO € i po3B’A3KOM
rpaHMYHOI 3ajayi, 4O AKOi BapiauiHa 3adadva 6yna 3BegeHa. 3Bepxy — NOBEPXHA, AKA € PO3B’A3KOM, @ 3HU3Y
rpaZieHTHe none 3 ABox GYHKLiN, AKi cno4YaTky 6y 3a4aHi 3a yMmoBOtO 3a4adi.

@ Figure 1 - olEl

File Edit View Inset Tools Desktop Window Help -
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Puc. 3. YucenbHuli po38’a30K nocmasaeHoi 3a0a4i

3apaya 6e3W0BHOrO KNOHYBAHHA 3i 3MiLLYBaHHAM rpaAi€eHTIB

3apayi 6e3WOBHOrO KNOHYBAaHHA NepeabayYaloThb Te, Lo NeBHa YacTMHa 306parkeHHA byae BCcTaBieHa B
iHWe 306paKeHHA TakMM YMHOM, W6 He Byno BMAHO LWBIB. Y AaHOMY BMMNaAKy 3afaya po3B’A3yeTbcA
nepexoAoM Bij BapiaLiMHOi NOCTaHOBKM 334a4i 3a A,ONOMOroto piBHAHHA EMnepa-/larpaHika A0 KpaoBoi 3adadi.

MocTaHoBKa 3afadi HacTynHa. MoTpibHO 3HaWTU TaKy dyHKLi0 go(x) Ha npomixKy Big 1/3 no 2/3, ska
Aa€ dyHKUioHany rnobanbHUM MiHIMYM Ha LibOMY MPOMIXKKY, Npuyomy oyHKLiA V TakoxK € 3a4aHO0. [PaHUYHI
YMOBM TYT € TE€X YMOBM NePLIOro poay.

Tenep cnif 3a3HaYNTH, WO PYHKLiA go(x) — e pe3y/bTaT BCTAaBKM 306parkeHHsA B 3006paKeHHs, PpyHKLisA

f(X),X € [0;1] € 306paXKeHHAM, Y fIKe BUKOHYETbCA BCTaBKa iHWOro 306parKeHHn. PyHKuia V — e rpagieHTom

306parkeHHs, AKke NOTPibHO BCTaBUTU. B JaHOMYy BMMagKy BBaXKaTUMEMO, LLO BCe 306pakeHHs — Lie BiApi3oK 3
KiHuamKM O Ta 1, a 306pakeHHs AKke NOTPiBHO BCTaBUTU, BCTaBAseMo B obnacTb Big 1/3 oo 2/3. MaTtemaTtuyHa

MOAe/Nb AaHOT 3a4a4i Ma€e HaCTYMHUIA BUTAAL,. 3HAUTK ¢(X), ANna AKoi
213 2/3

J(g'v)= _[F(go',v)dx = I(¢'—v)2dx — min

1/3 1/3
ae v(x)=rcosmx, p{1/3)=f(1/3), p(2/3)= £(2/3), f(x)=2—cos2zx,x € [0:1].

Po38’a30kK

2 2
g(d_g”_ﬂqu dp _ v ﬂ=(7zcos;zx)'=—7zzsin7zx.

dx? dx dx?  dx’ dx

OCTaToO4YHO MAEMO:
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4 Figure 1 - B n
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Puc. 4. YucenbHuli po3e’sa30Kk nocmaesneHoi 3a0ayi

AHaNoriYHMM YUHOM MOKHA NOCTaBUTU ABOBUMIPHY TeCTOBY 3a4a4y. 3HAUTH (D(X, y), ANA akol

2/32/3 2/32/3 3 2 d 2
J(Vo,v)= J. J.F(V(p,v)dxdyz IJ' (—Q)—vxj J{g—vy) dxdy — min,

1/31/3 1/31/3 2

pe Vv, =0,v, =9, g(x,y)=sin(z(x—0.5)y —0.5))
3 2PAaHU4YHUMU ymosamu:

o(1/3,y)= T(/3,y), p(2/3,y)= T(2/3,y), p(x1/3)= f(x.1/3), p(x,2/3)= f(x,2/3)
f(x,y)=sin(z(x— 0.5y -0.5))

Po3ss’sasok
Ny 09 _ Ly _05)y-05) M99 _ iy 05y
Pl z(y —0.5)cos(z(x — 0.5y —0.5)), v 7(x—0.5)cos(z(x — 0.5y - 0.5)).

BukopwucToBytoum piBHAHHA EVinepa-JlarpaHika, matTumemo

2020 #{x-05F +(y-05) bin(r(x 08y -03), ()< 12

{50 (o) (o) (2o 53]

Ha puc. 5 nokasaHo BcTaBKy 306pakeHHA (J y 306paxeHHA f . Ak 6auumo, 306parkeHHsA f

MoAMbiIKYBaNoCh CBOEIO CEPEAMHOI0 B pe3yibTaTi NpoLeAypy BCTaBKM iHLWOMO 306paeHHs.

= Figure 2 -0
File Edit View Insert Tools Desktop Window Help Ll
Odde | RO EL-E|0EH =D

0.2

0 0

Puc. 5. YucenbHuli po38’s30Kk nocmasneHoi 3a0ayi
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3aaaya npo peparyBaHHA 061acTi 306parKeHHA 3 BUKOPUCTAHHAM pPiBHAHHA MNyaccoHa

LLlo cTocyeTbeA 3aaa4i Npo pefaryBaHHAa 06nacTi, ciig BiA3HAYMTY, LLO 33 AONOMOrOH FPaHUYHUX YMOB
MOXHa 3MiHIOBATK iIHTEHCUBHICTb MiKcenis, WO NPUBOAUTL 40 CTBOPEHHSA Pi3HMX edeKTiB, TaKUX AK, ePeKT Houi
Ta epeKT 3MiHN KO/IbOPOBOT rAMM YaCTUHM 306parKeHHs.

Puc. 6. lpuknad cmeopeHHA epeKmy Houyi

TecTyBaHHA po3pobaeHMX Mporpam MPOBOAMIOCH Ha Pi3HUX 300parKEHHAX 3 Pi3HMMM po3mipamu.
MpuKnNaaun feaknx 3 HUX HaBeLEHO HUXKYeE.

3BiCHO K, WO A/1A NPOL,ECY BigHOBNEHHSA 306pasKeHHA No NoJto rpafieHTiB HeobxiaHO maTu iHbopMmaLito
Npo rpaHUYHi YMOBM ANA AaHOro 306pakeHHA. [paHWYHi ymoBM, AK BXe By/l0 CKasaHo, € pisHMMU. Bubip
rPaHUYHUX YMOB NPM3BOAUTb A0 BignoBigHMX edeKTiB, HANPUKAAL TaKUX AK ePeKT Houi, 3MiHa KO/NbopOoBOi
naniTpn 306parkeHHs, CTBOPEHHS OCBIT/IOBA/IbHUX edeKTiB i TOoMy NoaibHi edpekTn. 3a [ONOMOro PiBHAHHA
MyaccoHa MoXKHa GaKTUYHO pegaryBaTv o6aacTi 306parkeHHs, BUAANATU HebaXKaHi eneMeHTU 306parkeHHA Ta
3aMiHIOBaTK Ha NOTPI6Hi.

4 Figure 1 - O X
File Edit View |Insert Tools Desktop Window Help kl
DEd2 | M AKAODEL- S| 0E | ad

DyHKUIA Vx

306parkeHHs, Ake NOTPIOHO 3HaNTK

Puc. 7. Mpuknad 8i0HOB8eHHA 306paxceHHA Mo nosto epadieHmie

Hukye HaBegeHa 06pobKa we oaHoro 306parkeHHA piBHAHHAM MyaccoHa.

Cnip, TakoXK BIAMITUTW, WO NPU 3MillyBaHHI rPafiEHTIB MOXKHa TaKOXK BUAANUTU HebarkaHi apTedaKktn
npu obpobui 306paxkeHb. 30Kpema Taki apTedakTM MOMXKYTb BUHUKHYTU MNpu 6e3WOBHOMY K/AOHYBaHHI
306parKeHb.
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Ha ocHoBi noctaBneHoi 3afayi MOXKHA BupiwyBaTW iHWI 3agadi, Taki Ak nepedapboByBaHHA
306parkeHHsA. MpuKIaLoM Takol 3a4a4i € cTaHAAPTHA 3ajava BifHOB/EHHA 306paxKeHHA NO MOro rpafieHTHOMY
nosito 3 epeKkTom Houi. [1n1a Toro, Wob oTpMMaTK TaKi rpaHUYHi YMOBM, NOTPIOHO Big, 255 BiAHATU iIHTEHCUMBHOCTI
nikcenis Ha rpaHuui obnacti. Cnig 3BepHyTU yBary Ha Te, WO Le HE € NpoLLeAypoto iHBEPTYBaHHA KOJ/IbOPIB Y BCiX
TOYKAX 306paXKeHHA.

Puc. 8. CmeopeHHs echekmy Houi

Ha puc. 9 nokasaHo Ty X camy npouenypy BigHOBNEHHA 300payKeHHA NO MO0 MOro rPaLi€HTIB.
lpaHMYHi yMOBU 3/1iBa Ta 3BepPXy CTaHAAPTHI, a 3HM3y Ta cnpaBa — 3afaHO rpaHMYHi ymoBM HelimaHa, a came,
piBHiCTb HY/O NOXigHOI. Pe3ynbTaT HaBeAeHMI Ha puc. 9.

Puc. 9. CmeopeHHs 3MiHU c8imsa08020 eghekmy

bes3wWwoBHe KNOHYBaHHA 061acTi 306pakeHHA

Tenep nepexoAMmo A0 HOBOI NiA3ajadi, AKa CNPAMOBaHa Ha BCTaBKY MeHLOro 306paxeHHa y binblue
6e3 weis. [1na npuKknagy 6ynmn B3aTi Ti cami 306parkeHHs, WO i paHiwe.

Ak 6baummo Ha puc. 10 Ta puc. 11, wo y BuxigHe 306pakeHHA 6YN0 BMKOHAHO BCTaBKYy YOTUPbLOX
0 HAaKOBMX 306paKeHb Y Pi3Hi YaCTUHM BUXIZHOTO 306parKeHHs.

Puc. 10. be3wogHe K1oHYy8aHHs 306paxeHs
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Puc. 11. be3woBHe K/A0HYy8AHHSA 306paxeHb

Be3woBHe KNOHYBaHHA 3i 3MillyBaHHAM rpaji€eHTiB

Mpu BCTaBLi 300pakeHHA Mpu 3BMYAMHOMY OEe3LOBHOMY K/IOHYBaHHI He Oy/l0 BpaxoBaHO, sKe
306paKeHHA 3HaxoAMTbCA Nif, TUM, AKe Byaemo BCTaBAATU. Y LbOMY BUMAAKY BUKOHYETbCA ycepeaHEeHHA
rpajieHTiB 300paKeHHs, AKe BCTAaBASEMO Ta 3006paKeHHsA, fIKe 3HAXOA4MTbCA Nig TUM, AKe ByaAyTb BCTAaBAATU Y
BUXigHe 306parkeHHA. AK 6a4MMO, LLLO BCTaBAEHi 306pakeHHA CTain TPOXM TbMsAHILWI. Liei epeKT byB oTprmaHnit
B pe3y/bTaTi 3MillyBaHHA (ycepeAHEHHA) rpaieHTiB 306parkeHb.

Puc. 13. be3uwoBHe KA0HYB8AHHA 306paxeHb 3i 3Milly8aHHAM 2padieHmie

BUCHOBKMU
B xo4i BMKOHaHHA poboTu 6ynn pospobneHi nporpamu gns obpobku 306parkeHb 3a AOMNOMOroto
piBHAHHA MyaccoHa. [nA po3B’A3aHHA PiBHAHHA MyaccoHa Y KOXHIl 3aa4i BUKOPUCTOBYETbCA METOA, CKiIHYEHHUX
efleMeHTiB Ta KnacuMyHa 5-ToYKoBa pi3HMLEeBa cxema. CUcTemMa NiHiNHKWX anrebpaiiuHuX PiBHAHDb, AKa OTPUMYETHCA
y pe3ynbTaTi AMCKpeTU3auii piBHAHHA MyaccoHa po3B’A3yeTbca meTogom 3eraens. Metoz 3elifenn TakoXK Mae
pag, moaudikauili Ana NpUcKopeHHs 36iKHOCTI YucenbHoro po3ss’asky C/1AP.
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AHomayia. Kocmeeuy b.0., Xaiidypoe B.B. BapiayiliHuli nioxio 0o o06pobku 306paxceHb 3
BUKOPUCMAHHAM Pi6HAHb MAMeEMamMu4HoOI ¢i3uKu.

PigHAHHA [yaccoHa suKkopucmosyemeoca y 6a2amobox HanpPAMAax HayKu i mexHiku. He dusaaquce Ha me,
wo pieHAHHA [lyaccoHa icMoOpu4YHO BUHUKAO 8 Mpoueci po38'a3aHHA 3a0a4Y MamemamuyHoi ¢hi3uKu, 80HO
3Haxo0umeo ace binble 3acmoco8yeMbCA i 8 iHWUX 06s1acMAX, y momy yucsi 8 obaacmi o6pobKu 306paxceHs. 3a
HedasHill Yyac y uili cehepi 3'a8unacs docume 8eauUKa Kinbkicme ceplio3HUX pobim, AKi NPornoHyrome an20pummu
3 BUKOPUCMAHHAM pigHAHHA [lyaccoHa y Halipi3BHOMaHIMHiwux 3a80aHHAX. Y pobomi 6yau posensHymi
HacmynHi 3a0a4i: 3a0a4a npo 8i0HOBMAEHHS 300paxceHHs Mo noaw epadieHmis, 3a0aya 6e3wo8H020
K/IOHYBAHHSA, 300040 K/AOHYBAHHSA 3i 3Mily8aHHAM 2padieHmie 306paxceHs, 3a0a4a nNpo pedaz2ysaHHA obaacmi
306paxeHHs, 3a0a4a npo CMeOoPEHHA eheKmy HOYi ma 3MiHU ocsimsaeaHocmi. Takox 00Cni0#eHO 0CHOBHU
npuHyun nepexody ei0 eapiayiliHoi nocmaHosKu 3adayvi npu o0bpobui 306paxceHb 00 Kpaliosoi 3adayi 3
BUKOPUCMAHHAM €amMo20 pieHAHHA [lyaccoHa. PeanizoeaHo iHwWwIi 3a0a4i o6pobku 306paxeHb PiBHAHHAM
lyaccoHa y cepedosuwyi MatLab. KoxcHa 3 po3easHymux 3a0a4 guKopucmosye eapiauiliHuli nioxio ons
OMPUMAHHA WYKAHO20 PO38'A3KY.

Knrwuoei cnoea: pisHAHHA [lyaccoHa, keaopamu4Huli ¢yHKYioHas, nose 2padieHmis, 8iOHOB/EeHHSA
306paxceHHA no liozo noatw epadieHmis.
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AHHomayusa. Kocmeeuy B.A., Xalidypoe B.B. BapuayuoHHblii nodxo0 K o6pabomke uzobpaxceHuli ¢
ucnosnb3068aHUEeM ypasHeHuli MamemMmamu4vecKkol husuKu.

YpasHeHus [lyaccoHa ucnonb3yemcs 80 MHO2UX HAMNPAB/AeHUAX HAYKU U mexHUKU. Hecmompsa Ha mo,
umo ypasHeHus lMyaccoHa ucmopu4ecku 803HUK/0 8 poyecce peweHuUs 3a0a4 mamemamu4eckol pu3uKu, OHO
Haxoodum sece bosbuiee npumeHeHuUe u 8 Opyaux obaacmsx, 8 mom yucse 8 obaacmu obpabomku uzobpaxceHud.
3a HedasHee spemsa 8 amoli cgepe nosAsunoce 0ocmamoyHo bosbuwioe Konuyecmeso cepbesHbix pabom,
Komopobie npedaazaom an20pummesi € UCMOAb308aHUEM ypasHeHuA [lyaccoHa e camblx 3a0a4ax. B pabome
bbinu paccmompeHsl caedyruwue 3a0a4u: 300040 0 80CCMAHOB/EHUU U306paxeHus o nosaw 2padueHmos,
300a4a 6ecwo08HO20 KAOHUPOBAHUA, 30004Yd K/AOHUPOBAHUA CO CMewusaHuem 2padueHmos u3obpaxceHul,
300a4a no pedakmuposaHuro obaacmu uzobpaxceHus, 3a0a4a O CO030aHUU 3ghgheKma HOYU U U3MEHEeHUs
oceeuwjeHHocmu. Takxe uccnedo8aHoO OCHOBHOU MPUHYUN nepexod0d om 8apuayuoHHOU NMOCMAHoOBKU 3a0a4u
npu obpabomke u3obpaxceHuli K Kpaesoli 3a0a4ye C UCMOAb30B8AHUEM CAMO20 ypasHeHusa [lyaccoHa.
PeanuszosaHo dpyaue 3a0a4u obpabomku uzobpaxceHuli ypasHeHuem [lyaccoHa e cpede MatlLab. Kaxcdasa u3
paccMmompeHHbIX 3a0a4 Ucnob3yem 8apuayUOHHLIU Nodxo0 015 oay4YeHUs UCKOMO20 peweHUs.

Kntoyesble cnosa: ypasHeHue [lyaccoHa, KeaopamuuHbll @PyHKYUOHAs, rMoae 2padueHmos,
80CCMAHO8/1EHUSA U306paXeHus o e2o noso 2padueHmos.

Abstract. Kostevich B.O, Haydurov V.V. Variational approach to image processing using the equations
of mathematical physics.

Poisson's equation is used in many areas of science and technology. Despite the fact that the Poisson
equation historically occurred in the solutions of mathematical physics, it is increasingly being used in other fields,
including the field of image processing. During recent times in this area there was quite a lot of serious work,
which offer algorithms using the Poisson equation in the most problems. The paper addressed the following
problems: the problem of reconstructing the image on the gradient field, the task seamless cloning, cloning
problem with mixing image gradients, the task of editing the image area, the problem of creating a night-light
effect and change. Also it studied the basic principle of a transition from the variational formulation of the
problem in image processing to the boundary value problem using the Poisson equation itself. Realized other Eq
image processing tasks Poisson in MatLab environment. Each of the considered problems using variational
approach to obtain the desired solution.

Keywords: Poisson equation, quadratic functional, field gradients, image restoration in his field
gradients.
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