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ABSTRACT

AHOTALIA
Moc po6; ToyHi  OocnidmceHHs 6030Ha  Xieaca,
CyrnepcuMempuyHUX  YaCMUHOK, — MA2HIMHO20 ~ MOMEHMY  MIOOHQ,

eneKmpuYHo20 OUMOALHO20 MOMEHMY enekmpoHa, aHomanili apomamy
demoHcmpylome 8ioxuneHHs 8i0 CmaHdapmHoi modeni. BoHu nos'asaHi 3
HOBUM PO3YMIHHAM K8aHMOB0I meopii nona Yepe3 06'edHaHHA epasimayii
3 (pi3UKOK enemeHMapHUX YACMUHOK 8 PamMKax meopii cmpyH -
MOMy#HO20 [HCMpymeHmy, AKull 3miHue KapmuHy meopii. Cmamma
npuceaYeHa 8UBYEHHIO HOBOI Qi3uKu Yepe3 yi 08i cknadosi. Crno4amky mu
po3271AHYAU hi3UKy enemeHmMapHUX YacmUHOK 3 MOYKU 30py OCMAHHIX
eKcrepumeHmasnbHUX 0aHuUx, a nomim nepelidemo 00 MamemMamu4Ho20
anapamy meopii cmpyH.

M Pi ma Teopia AH2a-Minca N = 2 € aHanozom
2emepomuyHoOi  CMpyHU, WO BU3HAYAEMbCA Yy OecamusumipHOMY
npocmopi: Yomupu 38u4aliHi MPOCMopPo8o-4acosi KOOpOUHaMuU ma wicms
dodamkosux sumipie, eidomux AK MHozo8udu Kanabi-Ay y 3eaxceHomy
npoekmusHomy npocmopi. Mu docnidxcysanu mHozoeudu Kanabi-Ay e
mepmiHax AK  OugpepeHyianbHUXx GopMm, maK i  pegrekcusHux
b6azamozpaHHuKie, wob6 ompumamu iHpopmayio npo esnemeHmMapHi
yacmuHku. [Ana nodanvwoi pobomu 3 mHozosudamu Kanabi-Ay 6ynu
suKopucmani dugepeHyianbHi popmu 04 064YUCEHHA 2pyn KO20MOs02ili
ma pegriekcusHi 6bazamoepaHHUKU 071 obyucneHHA vucen Xodxca. Mu
suKopucmanu 08a BU3SHAYEHHA 3020/1bHUX eaacmueocmeli MOPUYHUX
MHozosudis: K 2ineprnosepxHi 8 mepmiHax dugepeHyianbHUX opm i AK
npoekmusHuli npocmip y mepmiHax pegneKkcusHo20 6az2amozpaHHUKQ.
Momim mu docnidxcysanu epamyacmi MHO202PAHHUKU A, AKi TOpPooX#Cyloms
cimelicmea zineprnosepxeHo Kanabi-fly y 38a#eHOMY MpPOeKMueHoOMy
npocmopi  PA. Taki 6azamo2paHHUKU OOMycKaloms KoMBiHGMopHY
Xapakmepucmuky i Ha3u8aOMbCA pepaeKCUSHUMU.

Pe3synbmamu. lNopigHaHHA 08ox nidxodie do onucy mHozosudy Kanabi-
Ay AK KOMIAEKCHO20 MHO208UDY | AK 38aX(E€HO20 NPOEKMUBHO20 NPOCMOpPY
npusesno Hac 00 BUCHOBKY NPO eKsiganeHMHICMe Yyux 080X MPAKmMysaHs y
KOHmMeKcmi  06YuC/neHHA  XapaKmepucmuKu Elinepa. OcKinbKu
xapakmepucmukoto Elinepa 0na @hi3uku enemeHMapHUX YAcmMUHOK €
KinlbKicmb roKosiHb Keapkie i nenmoHis, subip mHozosudie Kanabi-Ay 3
8i0M08IOHUMU MOMOA02IYHUMU 81ACMUBOCMAMU € OOHIEID 3 AKMYANbHUX
npobaem cy4acHoi izuku. HeobxiOHO niOKpecaumMuU, WO BaHIUBUM
pesynemamom  Hawoi pobomu € 36ie 3HavyeHHA  elineposeoi
Xapakmepucmuku, 3HalideHoi 8 mepmiHax Kozomosoeii [onvbo i 8
mepmiHax pednexcusHozo mnoniedpa. OmpumaHa iHopmayia npo
mononoeivyHi iHeapiaHmMu HeobxiOHa 074 MpPOo2HO3y8AHHA KinbKOCcmi
MOKOiHb Y (hi3uyi enemeHmMapHUX YaCMUHOK.

BucHosKu. Xo4a eduHoi meopii 8cix 83aemo0ili MoKu wo He 3HalideHo,
00HaK nesHi acrekmu, Moe’s3aHi 3 MPAaKmMyeaHHAM €O0UHOI meopii ecix
830€MO0ili 3 MOYKU 30py Cy4acHOi Mamemamuku, daome ceoi 8azomi
pesynemamu. TomMy 8UKOpUCMAHHA ma po3pobKka anapamy anzebpaiyHol
2eomempii 018 NowyKy monosoaiYHuX iHeapiaHmMis, ujo MarMe 3Ha4YeHHA
criocmepexcyeaHux y @isuuyi, € akmyanbHUM 3080aHHAM.

Py

Formulation of the problem. Precision studies of the Higgs boson,
supersymmetric particles, the magnetic moment of the muon, electric
dipole moment of the electron, flavor anomalies demonstrate the deviation
beyond Standard Model. They are connected with a new understanding of
quantum field theory through the unification of gravity with particle physics
in the framework of string theory - the powerful instrument, which has
changed the theory picture. The article is devoted to the study of new
physics through these two components. First, we considered particle physics
in terms of the latest experimental data and then moved on to the
mathematical apparatus of string theory.

Materials and methods. The N = 2 Yang-Mills theory is the heterotic
string analog determined in ten-dimensional space: four usual space-time
coordinates and six extra dimensions, known as Calabi-Yau manifold in
weighted projective space. We studied the Calabi-Yau manifold in terms of
both differential forms and reflexive polyhedra to extract the elementary
particle information. For further work with Calabi-Yau manifolds,
differential forms for calculation of cohomology groups and reflexive
polyhedra for calculation of Hodge numbers were used. We used two
definitions of general properties of toric varieties: hypersurfaces in terms of
differential forms and projective space in terms of reflexive polyhedral.
Then we investigated lattice polyhedra A which gives rise to families of
Calabi-Yau hypersurfaces in weighted projective space, PA. Such polyhedra
admit a combinatorial characterization and are called reflexive polyhedra.

Results. The comparison of two approaches to the description of Calabi-
Yau manifold as a complex manifold and as weighted projective space led
us to the conclusion about the equivalence of these two treatments in the
context of calculation of the Euler characteristic. As Euler’s characteristic for
elementary particle physics is the number of generations of quarks and
leptons, the selection of Calabi-Yau manifolds with appropriate topological
properties is one of the urgent problems of modern physics. It is necessary
to stress that the important result of our paper is the coincidence of the
value of the Euler characteristic, found in terms of Dolbeault cohomology
and terms of reflexive polyhedral. The obtained information about
topological invariants is necessary for predicting the number of generations
in particle physics.

Conclusions. Although a unified theory of all interactions has not yet
been found, however, certain aspects related to the interpretation of the
unified theory of all interactions in terms of modern mathematics give their
significant results. Therefore, the use and development of the apparatus of
algebraic geometry for finding topological invariants that have the value of
observables in physics is an urgent task.

K/ItOH0BI C/IOBA: CmaHdapmHa modesns; mHo208ud Kanabi-Ay; mopuyHi
MHo208Udu; OugepeHyiliHa gopma; 3eaxceHull npoekmusHuli npocmip;
pegnekcusHuli 6azamoepaHHUK; Kozomonoeia [Jonbbo; Xapakmepucmuka
Elinepa.

KEYWORDS: Standard Model; Calabi-Yau manifold; toric varieties;
differential form; weighted projective space; reflexive polyhedral; Dolbeault
cohomology; Euler characteristic.

INTRODUCTION

Formulation of the problem. The discovery of the Standard Model (SM) Higgs boson at electroweak scale was a triumph of
field theory. But the existence of hierarchy problems, dark matter, and dark energy, the recent experimental data (LHCb
Collaboration, 2021; Crivellin et al., 2021; Bobeth et al., 2021; Muon g-2 collab., 2021) has led us to the most important channels for

Obikhod T. Formation of modern mathematical approach to solving problems of physics. ®i3uko-mamemamuyHa oceima, 2022. Tom 33. Nel. C. 26-29.

Ona DOI: 10.31110/2413-1571-2022-033-1-004
UMTYBaHHA: Obikhod, T. (2022). Formation of modern mathematical approach to solving problems of physics. ®izuko-mamemamuyHa oceima, 33(1), 26-29.
https://doi.org/10.31110/2413-1571-2022-033-1-004
Obikhod, T. (2022). Formation of modern mathematical approach to solving problems of physics. Physical and Mathematical Education, 33(1), 26-29.
For https://doi.org/10.31110/2413-1571-2022-033-1-004
citation: Obikhod, T. (2022). Formation of modern mathematical approach to solving problems of physics. Fizyko-matematychna osvita — Physical and Mathematical Education,

33(1), 26-29. https://doi.org/10.31110/2413-1571-2022-033-1-004

B Corresponding author © T. Obikhod, 2022

26


https://doi.org/10.31110/2413-1571
https://fmo-journal.org/
mailto:obikhod@kinr.kiev.ua
https://orcid.org/0000-0003-1103-4006
mailto:obikhod@kinr.kiev.ua
https://orcid.org/0000-0003-1103-4006

®i3uko-matemartumuHa ocsita / Phisical and Mathematical Education Tom 33, Ne 1 / Vol. 33, Ne 1 (2022)

the search for new physics: a)B-decay anomalies, connected with the transition between quarks, b->sll, strongly suppressed by
SM showed 3.1c from SM predictions; b) BaBaR, Belle and LHCb analysis of charged-current b->ctv decays showed the combined
significance of roughly 30; c)combined measurements at Brookhaven and Fermilab of the magnetic moment of the muon
presented the overall significance of 4.2 o; d)Cabibbo-Kobayashi-Maskawa elements determined with unitarity relation
demonstrated a deficit at the 30 level. To resolve the problems of SM, we will consider particle physics in terms of the
mathematical apparatus of superstring theory.

The N = 2 Yang-Mills theory is the heterotic string analog recently solved in the work of Seiberg and Witten (Seiberg &
Witten, 1994). This theory is determined in ten-dimensional space: four usual space-time coordinates and six extra dimensions,
known as Calabi-Yau manifold in weighted projective space. It turns out that physical information about matter content can be
obtained from the study of geometric properties and the calculation of topological invariants of the space of extra dimensions
that appears in string theory. So, we’ll study the Calabi-Yau manifold in terms of differential forms and reflexive polyhedra to
extract the information about the number of particle generation.

Analysis of current research. The emergence of string theory is associated with the analysis of experimental data on
pion scattering, which was described in 1968 by J. Veneciano and M. Suzuki using beta functions. In 1970, Nambu J., Goto T.,
Nielsen H. and Sasskind L. put forward the idea of the interaction between pi-mesons through "an infinitely thin thread that
oscillates", (Susskind, 1970). Thus, the theory of superstrings appeared, which describes elementary particles and the interactions
between them. Scientists such as Green M., Schwartz J., Volkov DV, Kazakov DI (Green et al., 2012) associated with the
development of this theory. In the 1990s, Witten E., Polchinsky J., and others discovered evidence for combining superstring
theories into an 11-dimensional M-theory, (Susskind, 1970). Such theories are connected with Calabi-Yau space with properties
necessary for preservation supersymmetry after compaction of ten-dimensional space on a six-dimensional torus.

The purpose of the article. The statement about the Yang-Mills theory presented in terms of heterotic string theory
gives us the possibility to receive the problems of high energy theory in the mathematical language of string theory. So, the
purpose of our paper is to present the equivalence of the calculation of topological invariants of algebraic geometry through the
Dolbeault cohomology or in terms of reflexive polyhedral, which gives us the information of the number of generation in physics.

THEORETICAL BASES OF THE RESEARCH

In the future, we will work with a section of mathematics - topology. Topology is connected with bending, stretching,
and compressing of the material without limit, but cannot create or destroy holes within shapes. So, a new concept called
homology helps mathematicians connect topology with algebra. We will deal with the counting of a specific type of hole, which
can be described as a closed and hollow space. The samples of one-dimensional holes of different types are presented in Fig. 1.

Hole Not closed Not hollow

? o

Fig. 1. One-dimensional holes of different types

To distinguish closed and hollow spaces it is necessary to know the information about its boundaries: the boundary of
a one-dimensional line segment, solid triangle, and solid pyramid are the two points, the hollow triangle, and hollow pyramid
correspondingly. Different types of holes are characterized by mathematicians by a chain complex. For example, a pyramid
bounded by four triangles, six lines, and four points can be presented as a chain complex, Fig. 2.

CHAIN COMPLEX

2D

SRR

Fig. 2. Chain complex of the pyramid that gives the assembly instructions for a shape

So, any shape is built by grouping by dimension and arranging through gluing pieces of different dimensions. In
mathematical language, we’ll describe this procedure in the following way. Let’s consider n-simplex o, which is a continuous
mapping of A, X (X is the space), and consider the mapping F; : An-1 = A, obtained by the restriction of linear embedding R" -
Rr+1, The composition o°F;is an (n-1)-simplex and is called the i-th face of a. From these faces is constructed n-cochain with values
in A (abelian group), which associates with each singular n-simplex the element from A. For such a cochain a we can define its
coboundary: the (n + 1)-cochain da,

n+l X
da(o) =Y (D' a(ooF)-

i=0
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So, the construction of any shape in X from the pyramid is presented through the complex
S(X)*:0>S8% ... sk ...
called singular cochain complex of the space X. Its cohomology is called singular cohomology of X with values in A denoted by

Hi(X, A). The language of differential forms, simplexes for the description of extra-dimensional space — Calabi-Yau manifold will
be used in the presented paper.

METHODS OF THE RESEARCH
For further work with Calabi-Yau manifolds, we will use two approaches: a) calculation of conomology groups using
differential forms b) calculation of Hodge numbers using reflexive polyhedra.
a) To describe complex manifolds of Calabi-Yau type, we’ll consider differential forms on such manifolds with basic
differentials
dz) =dx! +idy!.
For (p,q)-forms

i —i -n
=0, ﬁdZI/\.../\dZn/\dZI/\.../\dZ
the external derivatives have the form
0 i -n = o . —i ; -n
dw=—a - -0'A..Adz, Ow=—rdze - -dz)A...Andz .
azl I...nl...n —I I...n...n
oz

Dolbo's cohomology, (Griffiths & Harris, 2014), which characterize the type of manifold is defined by

5—c|osd(p,q)— form

HPA=Z
o0—exact(p,q)— form

b) Calabi-Yau manifold X4 (@,..., ®s) in weighted projective space

4 _ ot
Pfa]_,...,mj_P ’fzwlx"‘xzms’

with P4 -four-dimensional projective space and Za,i - the cyclic group is defined from the superpotential W((Dl, ey (;)5) =0,

(Candelas et al., 1990; Greene et al., 1991), which satisfies the homogeneity condition,

5
WXy, x%05) =X W(py,....p5), d= w;, @1 _p5e Pﬁl
i1

Such a variety is called toric one, Fig.3

Fig. 3. Example of toric variety in P2

which comes from the fans by gluing them all together. So, we can construct reflexive polyhedron, (Batyrev, 1993), from fans

+1
A@)= {(xl, oo peg )€ R b @;x; =0, x; 2 _l}

i=1

5
Fans are combined from a set of convex cones o in RY. For fy,..., M, € 29, 6= R +...+ R, , disequalto d = Zar.
i=1
- the sum of Calabi-Yau weights. For further consideration, we need the notion of a hypersurface - a manifold or an algebraic
variety of dimension n — 1, which is embedded in an ambient space of dimension n. In general, it is a Euclidean space, an affine
space, or a projective space. We are dealing with projective spaces. Most definitions assume the Calabi-Yau manifold is non-
singular, but for singular Calabi—Yau's, the canonical bundle and canonical class may still be defined. V. Batyrev has proposed the
following theorem, (Batyrev, 1993):
Theorem. Let A be n-dimensional integral polyhedron, P, — the n-dimensional projective toric variety, F(4) - the family
of hypersurfaces Z; in P. Then the family F(A) of hypersurfaces in P, consists of Calabi-Yau varieties with canonical singularities.

RESULTS OF RESEARCH

To distinguish between two shapes that are hard to visualize an invariant in the form of a single number exists, which
doesn’t vary after the change of an object’s inessential features (if you stretch or distort some shape). Centuries ago
mathematicians discovered, that a combination of the number of shapes plus the number of corners minus the number of edges
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always comes out the same. For example, a tetrahedron (with four triangles, four corners, and six edges), has the number
4 + 4 - 6 = 2. The same procedure can be done for Calabi-Yau hypersurface Zs through the calculation of the Hodge-Deligne
number hn21(Z;) of the cohomology group H"™(Z; ) as follows
RNz =1(a)—n—1- 3 1*(0).
cdim 8=]1

where face © — A, I(A) — Mori generators, (Candelas et al. 1994) . The Euler characteristic for p,g=n is defined as the alternated
sum of Hodge-Deligne numbers,

(-1 R HYV)).

iz0

On the other hand, we can construct Euler’s characteristics using Dolbo's cohomology. Knowing, that
dimHLP9(M)=hPd
o

where hP4 - Hodge numbers, the Euler characteristic for a flat plane variety is determined from Hodge numbers as follows

2= Y .(-1)""hpa - Z(hl’l - hz'l).
p,g=n

A number of generations :%M B

CONCLUSIONS AND PERSPECTIVES FOR A FURTHER RESEARCH

The comparison of two approaches to the description of Calabi-Yau manifold as a complex manifold and as toric variety
led us to the conclusion about the equivalence of these two treatments in the context of calculation of the Euler characteristic.
Topological invariants reflect the geometric properties of the manifold, and on the other hand, the Euler characteristic for
elementary particle physics is the number of generations of quarks and leptons. Thus, Einstein's statement that "physics is
geometry" is realized. Therefore, the selection of Calabi-Yau manifolds with appropriate topological properties is one of the
urgent problems of modern physics. On the other hand, it is necessary to stress the important result of the coincidence of the
value of the Euler characteristic, found in terms of Dolbeault cohomology or terms of reflexive polyhedral. Such a result leads us
to the conclusion about the importance of modern mathematical approaches to physical problems.
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