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AHOTALIA ABSTRACT
MocmaHoeka npobaemu. [ocnioneHHA NUMAHHA BKAYEHHA memu Formulation of the problem. Analysis of the issue of including the topic
«Halinpocmiwi  yHKYioHanbHI  PiBHAHHA» 8 MOOesnbHI  HA8YAbHI "The simplest functional equations" in the model curricula for studying the

npoz2pamu 8usvyeHHA npeomemy «Anzebpa i noyamku aHanizy» 04
npogineHuUX Knacie 3 noenubneHUM susyeHHAM mamemamuku. ModenbHa
HABYAMbHA MPO2PAMA BUBYAE OPIEHMOBHY MOCAI00BHICMb OOCAZHEHHA
OYiKyB8aHUX  pe3ynbmamie  HABYAHHA,  3micm  npedmema  abo
iHmeaposaHoz2o Kypcy ma e8udu Has4YasnbHoi OifnbHocmi 3006ysauyie
ocgimu. BKAOYAHHA 8KA3AQHOI memMu MAae Ha mMemi po3no4amu meopye
OCMUC/IEHHA (hYHKUIOHANbHUX 36°A3Ki8, iCHYIOYUX 8 peanbHUX cucmemax i
npoyecax, 30Kpema, eKosno2idHuUX, EKOHOMIYHUX MA COYianbHUX.

M i ma du. TeopemuyHuli Memod aHanizy Mmemoou4Hoi
ma Has4asnbHOI nimepamypu 3 00CAiOHY8aHO20 NUMAHHSA; MOPi8HANbHUL
aHania  0na  yceiOoomnaeHHA  pi3HUx noe2nadie  Ha  npobaemy;
cucmemamusayias ma y3a2anbHEHHA OnA CMBOPeHHA peKomeHOayil
3micmy 3anpornoHO8aHOI Memu, a MAKOX hOPMY/0BAHHA BUCHOBKIE ma
iHmezpysaHHa nedazoziyHozo 0Oocsidy asmopis, Aki 8ukaadarome
8i0M08iIOHI ucyunaiHU 8 3aK1a0ax 0c8iMu pi3HUX pieHie.

subject "Algebra and the beginnings of analysis" for specialized classes with
in-depth study of mathematics. A model curriculum studies the approximate
sequence of achieving the expected learning outcomes, the content of the
subject or integrated course, and the types of students’ educational
activities. The inclusion of this topic aims to start a creative understanding
of functional relationships existing in real systems and processes, in
particular, ecological, economic, and social ones.

Materials and methods. Theoretical method of analysis of methodical
and educational literature on the researched issue; comparative analysis to
understand different views on the problem; systematization and
generalization to create recommendations for the content of the proposed
topic, as well as formulating conclusions and integrating the pedagogical
experience of authors who teach relevant disciplines in educational
institutions of various levels.
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Pesyabmamu. 3anponoHosaHo moxcaueuli  3micm memu Results. The possible content of the topic "The simplest functional
«Halinpocmiwi pyHKYiOHANbHI PIBHAHHA» 8 MOOEsbHI MPo2PaMuU 8UBYEHHSA equations" in the model programs for studying the subject "Algebra and the
npeomemy «Aneebpa i Mo4amxu aHanizy», npuknadu OAA MOACHEHHA beginnings of analysis", examples for an explanation by the teacher, and
8UKNAOaYEM i 3aKpinAeHHA yYHAMU. [7 OeaKux npukaadie 3anponoHoeaHi confirmation by students are proposed. For some examples, different
Pi3Hi Nidxo0u ix po368’A3aHHA; HAOAHO 3pyYHi Mabauyi 047 MOWYKY YYHAMU approaches to their solution are proposed; convenient tables are provided
YaCMUHHUX p038°A3Ki8 0eaKux 8udie (hyHKYiOHANbHUX PiBHAHb. for students to find partial solutions to some types of functional equations.

BucHoeKu. Asmopu  egaxcarome, wo mema «Halinpocmiwi Conclusions. The authors believe that the topic "The simplest functional
yHKUIOHANbHI piBHAHHA» Byde KOPUCHO i crpuliHAMHOW 05 8UBYEHHS equations" will be useful and acceptable for studying within the scope of the
8 mexcax npedmemy «An2ebpa i NOYaMKU aHAAI3Yy» YYHAMU NPOinbHUX subject "Algebra and the beginnings of analysis" by students of specialized
Kknacie 3 no2nubseHUM — BUBYEHHAM — MamemMamuku. B mexcax classes with an in-depth study of mathematics. Within the eleven-year
00UHAOUAMUPIYHOI WKIiNBbHOI 0c8imu, 3p03yMmino, Yyacy Ha eusvYeHHs uiei school education, of course, it was impossible to find time to study this topic
memu 3Halmu 6ys10 HEMOM(/IUBO 3a MPUYUHU HacudeHocmi i wineHocmi due to the saturation and density of the material necessary for study. But in
HeobxiOHo20 0na sugyeHHs mamepiany. Ane e dsaHaduamupiyHili Hoeil the twelve-year New Ukrainian School, marked by a deeper differentiation
YKkpaiHcekil LLkoni, 3a3HayeHow 6inow 2nubokor OugepeHyiayiero of specialized education, the topic "The simplest functional equations" can
npogineHo20 Has4yaHHA, mema «Halinpocmiwi yHKUIOHANbHI PIBHAHHA» strengthen the fundamentality of mathematical education in classes with
MOME 3MIYHUMU hyHOameHmMasnbHiCMms Mamemamuy4Hoi 0ceimu 8 Kaacax in-depth study of mathematics, computer science, etc. Further research in
3 no2nubsieHUM BUBYEHHAM MAMEMAMUKU, iHopMamuku mouwo. this direction may concern the method of solving the simplest recurrent
Modanbwi O0ocnioneHHA 8 OaHOMY HAMPAMY MOXYMmb cmocysamucs equations.

MemoOUKU po36’A3aHHA HAlNPOCMIWUX PeKypeHMHUX PiBHAHb.

K/IHOYOBI C/IOBA: hyHKYia OOHI€i 3MIHHOT; (hyHKYIOHANbHI PIBHAHHS, KEYWORDS: function of one variable; functional equations; general
302016HUl PO36°A30K (hYHKUIOHANBHO20 PIBHAHHSA; YacmuHHUU po38’A30K solution of a functional equation; partial solution of a functional equation;
YHKUIOHANbHOR0 PIBHAHHSA, iH EKMUBHICMb (hyHKUYiI. injectivity of a function.

INTRODUCTION

Formulation of the problem. Analysis of current research. The goal of the research group was to study the issue of
including the topic "The simplest functional equations" in the model programs for studying the subject "Algebra and the
beginnings of analysis" for specialized classes with an in-depth study of mathematics. This subject can be viewed from the point
of view of its integrity, or can be viewed as an integrated one consisting of the subjects "Algebra" and "Introduction to Analysis".
Both points of view emphasize relevant content, internal and intersubjective connections.

On the one hand, the topic "The simplest functional equations" is an intersection of the meaningful lines "equation",
"function", and, on the other hand, it can be considered in the future as a propaedeutic topic for studying the theory of ordinary
differential and difference equations in higher education. Here, in particular, students can be explained what differential and
difference equations are, and generally speaking, that they are representatives of functional equations. In addition, functional
equations can be considered as a foundation for building models in ecology (Matvieieva et al., 2019), mathematical economics
(zhebka et al., 2006), sociology and other sciences. Today, functional equations in school education, as a rule, are studied at the
optional level (when preparing for mathematical Olympiads of various levels) (Voronyi, 2010; Pihtar, 2008; Pihtar, 2015; Serdiuk,
2019), as well as in the research of members of the Small Academy of Sciences (Zazvirska, 2013), that is, this topic is not studied
by all students in a mandatory manner, but is studied selectively by those interested in it. According to the authors, this
impoverishes school mathematics education, in particular, its professional orientation.

On the other hand, the discipline "Functional equations" appeared in a number of universities among the courses for
students specialized in Mathematics. The study guide (Fedak, 2018), written in accordance with the curriculum of this discipline,
contains the basic methods of solving functional equations and linear difference equations, but the level of presentation of
theoretical aspects and the method of presenting the material are quite difficult for schoolchildren, even high school students,
to understand. Issues of methods of solving certain types of functional equations, in particular, Cauchy, D'Alembert, Lobachevsky
equations and the simplest recurrent equations are studied by V.F. Davydovych (Davydovych, 2018). Many scientific researches
today are devoted to the stability of functional equations (Rassias et al., 2012; Moslehian et al., 2007; Moszner, 2009; Saadati et
al., 2011; Brzdek et al., 2011; Noori et al., 2021) and their applications (Russias, 2003; El-Hady,2019).

METHODS OF RESEARCH

The basis for achieving the goal was the theoretical method of analyzing methodical and educational literature on the
researched issue. Comparative analysis was also used to understand different views on the problem. Systematization and
generalization became tools for creating recommendations for the content of the proposed topic, as well as formulating
conclusions and integrating the pedagogical experience of authors who teach relevant disciplines in educational institutions of
various levels.

RESULTS OF RESEARCH
The study of the simplest functional equations can be carried out in different trajectories. And what is proposed in this
article is only one possible approach. The specified topic can become a link between algebra and the beginnings of analysis, based
on a second point of view on the specified educational subject. The specified topic may include the following questions for study:
I. Elementary definition of a functional equation. A function that satisfies the corresponding functional equation.
When studying this issueis is possible to consider the following examples.

Exsmple 1. A function u(x) is defined for Vx € N and satisfies conditions:
Au=u(x)-o(x-1)=cos(x-1)a, u(1)=9. (1.1)
Find u(x).
Let’s consider possible solving. Equalities follow from the condition of the example:
u(2)=u(1)+cosa,
u(3)=u(2)+cos2a,
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u(x)=u(x—-1)+cos(x-1)c.
After adding their corresponding parts and summing similar terms, the following ratio can be obtained:
u(x)=u(1)+cosa+cos2a+...+Ccos(Xx—1)a .

o (2n+l)0c
C0S— — COS~———~—
Using a well-known formula COSOL+C0S20.+...4+CoSN=—2— 2 and the initial condition u(®)=9, it is
2sin
2
o (ZX—l)a
€0S— —COS~———~—
possible to get the final answer: u(x)=9+ 2 2
Zsin%

The following task can be offered for selftraining:
A function (P(X) is defines for Vx € N and satisfies the conditions: (P(X +1):(P(X)+2X: (P(l):3- Find (P(X) . The
answer: (P(X) =2
Example 2 (of a research nature). Does a linear function exist ¥ =®(X) that satisfies the equation for an arbitrary real x:
3p(x+7)+¢(10-x) =11x +15. (2.1)
1) Replacexby x—7 in(2.1):
30((x=7)+7)+¢(10-(x—=7))=11(x—7) +15,
3p(x)+ (17— x)=11x - 62. (2.2)
2) Replace xby 17 —x in (2.2):
3(p(17 - x) + (p(x) :11(17 - x) —-62,
@(x)+3¢p(17 —x) =—11x +125. (2.3)
3)  Multiply (2.2) by -3 and add to (2.3):
—9¢(x)—3¢p(17 —x) =—33x+186, —8p(x)=—44x+311,

o) =X 3L Llx 31
8 8’ 2 8
C11x 311

The answer: there exists a linear function (p(X) > g’ that satisfies equation (2.1) for any x € R.

The following equation can be offered for selftraining:

11
Find a linear function U(X), that satisfies the equation 2U(X+2)—5=2x—U(4-X). The answer: U(X)=2x— 3

Example 3 (of computational character). A function u satisfies the functional equation:
u(x+y)=u(x)+u(y) forall {x, y} c @, (3.1)
5
U(Q) =—€’ . Find U(gj .
1) Itis obvious that the function U(X) =KX s a solution of this equation, in particular for x € Q. In fact:
u(x+y)=k(x+y)=kx+ky =u(x)+u(y).
Let y=x. Then
u(2x)=2u(x). (3.2)
2) The hypothesisis: u(nx) = nu(x), Vx € Q, ¥n € N. For n = 1 the identity is obvious.
u((n+1)x)=u(nx-+x)=u(nx)+u(x)=nu(x)+u(x)=(n+1)u(x).

Then, according to the principle of mathematical induction, the hypothesis is correct.
3) Let’s consider the relation

u(gx) = qu(x), V{x,q} cQ (3.3)
and prove its correctness for (3.1).

a) Lety = 0in (3.1), then U(X)=u(x)+u(0).And u(0)=0, i.e.(3.3)is correct for q = 0.
b) Letin (3.2) x = %, n€N, ze Q.Then
1

u(nx):u(z):nu(%):u(—- j=%u(z)_ (3.4)

n

1
It means that (3.3) is correct for g =—.
n

z m 1 m
c)Letin(3.4) X=—,m=#=n,z>0,m>0. Thenz=mxand U FZ =HU(mX) :FU(X)' i.e. (3.3) is true for all positive
m

rational q.
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d) Let y =—X in (3.1). Then, taking into account a), we receive: U(0)=U(X)+U(—X) =0. or u(-x)=-u(x), and it
means that the function U(X) isodd forall g>0.Thus, U(—qX) = —U(qX) = —qU(X) ,i.e.(3.3) is true for all rational X, q.
Forx=1in(3.3) we have:

u(a)=qu(y), (3.5)

here U(1) is a number.

e) Ifin (3.5) x=0, k=u(1), then u(x)=Kkx, and it means that the function U(X)=Kkx is the only solution of the
equation (3.1).

4) u(9)=—€*.

2 e)’ e’ . . . . L .
k-9=—e"=k=- 3 . Then U(X):— 3 X is a particular solution of (3.1) for given initial conditions.

For solving certain classes of elementary functional equations, it is useful to know that one of the simplest functional
equations is the Cauchy equation, which is defined for the function f: R - Ras: f(x+y)=f(x)+f(y). A function f that
satisfies this equation is called additive. It is also possible to draw students’ attention to the fact that the method of solving
example Ne3 is often called the Cauchy method, for which particular solutions are known for x € Q and f(x) € Q.

After this example, the following equation can be suggested for selftraining: W(y)=y(x+Yy)-y(x), y(10)=-n.

Find w[ -2 |.h 2.k
ind ¥ 7] e answer: Y 7 35

Il. Elementary functional equations, their particular solutions and features.
When studying this question, we can consider the following initial table 1 (Rassias et al., 2017). Note, that for the first
dealing with elementary functional equations, if domain of definitions of variable X, variable y and f(x), f(y)is not indicated,

then we assume thatx € Qand f(x) € Q,y € Qand f(y) € Q.

Table 1.
Equation Particular solutions Notes
f(x+y)=f(x)+f(y) f(x) =kx A single family
f(x.y): f(X)+ f(y) f(x):c]n‘x , Logarithmic equation.
Some of the families
f(x)=clog, |,
f(x)=aln|x+b
f(x-y)="f(x) f(y f(x)=]|x Power equation.
( ) ( ) ( ) (X) ‘X‘ One of the families
f(x+ y): f(x). f(y) f(x):ecx, f(x):aX’ Exponential equation.
One of the families
A degenerate solution f(X)=0
The continuation of this table will be considered below.
Example 4 (inductive solution). A numerical function satisfies the equality
ulx +y) =ulx) +uly) + 12xy, v{x,y}cR. (4.1)

i uz 'fu1—3
Find 8,| 5%

1) Inthe process of solving the simplest functional equations, induction plays an important role. It is obvious that the
particular solution of this functional equation is a function U, (X) =6%*. In fuct:
Uy (X+Yy)=6(x+ y)2 =6x" +12xy +6y” = U, (X)+Uy(Y) +12XY , which is consistent with (4.1).
2) Let
v(x) =u(x) = Uy (). (4.2)
Then V(Y)=u(y)—U,(Yy),
V(X+y)=u(x+y)—uy(x+y)=u(x)+u(y)+12xy —6(x+ y)2 =
=u(X)+u(y)+12xy —6x* —12xy -6y =u(X) - Uy (X)+u(y)—Uy(y) =
v(X)+Vv(y) , V{x,y} € R, and, in particulas, V{x, y} c Q.
3) From Example 2 we have v(x) = kx (Vx € Q). Then from (4.2): u(X)=V(X)+U,(X)=kx+6x*, Vx € Q.
4) u(;):k;+6-(;]2 =3, g+%:3:>k:3.

That is, U(X) =3x+6%* isa particular solution of this functional equation under given initial conditions.
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2
5) u(zj:3~z+6~[7j :@.
8 8 8 32

After this type of example, you can draw students' attention to the fact that the structure of the general solution of
functional equations is similar to the structure of the general solution of ordinary differential equations (which will be studied in
higher education and used to build models of dynamic systems, processes, phenomena).

In order to understand a possible method of solving the fourth example, students can be offered to solve the following

problem: 80xy =(x+Y)—@(X)—¢(y), ¢(0,25)=2.Find ¢(0,8).The answer: ¢(0,8)=24.

11l. Expansion of the set of the simplest functional equations.

In this section one can consider table 2 (Rassias et al., 2017) which “absorbs” table 1. Note also that if domains of
definition of X, yand f (x), f(y) are not indicated, then in the process of studying this material it is considered that x € Q and

f(x) €Q,yeQandf(y) €Q
Table 2.

Functional equation Elementary particular solution

f(x)=kx+b

(x+y) (%)

(x+Y) (x)
f(x+y)+f(x—y)=2f(y) f (x) =kx
f(x+y)~f(x—y):(f(x))2 f(x)=c
f(x+y)-f(x=y)=4Jf(x)f(y) f(x)=kx’
f(x+y).f(x_y):(f(x)2_(f(y))2 f(x)=kx, f(x)=csin(kx)
Fxy)=1(x)-f(y), {xyjeh f(x)=x"
f(xy)=xf(y)+yf(y), {xyjcC’ f (x)=xInx

f@ 218 y=0. f(y)=0 Fix)=¢
f(x+y)="f(x)+f(y) f(x)=f(1)-x

(one can draw students’ attention to a different form of the
particular solution compared to table 1)
Fx+y)=1(x)-f(y) F(x)=(f )

(one can draw students’ attention to a different form of the
particular solution compared to table 1)

f(x).f(%): f(x)+f&] f(x)=1£x"

In the process of solving elementary functional equations, it is useful to pay attention to the special properties of the
functions with respect to which they are solved. The following example can be an illustration of this remark.

Example 5. A numerical function u(X) satisfies the equality:

kx +ulx) = u(u(x)), vVx ER, k=+0. (5.1)
Solve the equation
u(u(x))=0. (5.2)
1) kx=u(u(x))-u(x), x= U(U(X)IZ_U(X)
If u(x)=u(y), then x= u(u(x)z_u(x) = u(u(y)lz_u(y) =Y. It means that equality U(X)=u(y) follows X =y, which

indicates injectivity of U(X) in this functional equation.

2) Injectivity of U(X) follows that if u(u(x)) = u(u(y)) , then u(x)= U(y) ,and X =Y, i.e. (5.2) can have at most one

root.
3) The obvious root of (5.1) is X = 0. Really:

k-0+u(0)=u(u(0)), u(0)=u(u(0)), u(0)=0,then u(u(x))=0.
It follows from point 2) that this is the only root of the equation (5.2).
Example 6. A function u(y) satisfies the equation:
uly+2)=uly+1)+2y+3, VyeR (6.1)
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Find U(2864), if u(0)=0.
The first method. With this formulation of the problem, it is possible to consider the proposed functional equation only
for natural values of the argument. Consider the following sequence:
pp=um)—u(n—-1), neN.
Then

Zln: (u(k+1)-u(k))=(u(n)-u(n=1))+(u(n-1)-u(n-2))+...+(u(1)-u(0))=

=u(n)=p,+ Pyt t P=2 P .

k=n
For {pn} this equation has the form
u(n+2)=u(n+1)+2n+3,

Then u(n+2)-u(n+1)=2n+3,
Po., =2N+3,
u(n+1)—-u(n)=2(n-1)+3=2n+1,
P =2n+1,
Priz— Py =(2n+3)—(2n+1)=2.
. . . - . . _ 2p1+(n—1)-2 2
It means that {P,} is an arithmetic progression with p, =1 and difference d = 2. Then u(n)=S, =——,——n=n and

u(2864)= 2864% =8202496 .

The second method. It is easy to see that the particular solution of equation (6.1) is the function uo(y) = y2 . In fact:

Up(y+1)=(y+1) = y? +2y+1,
Uy (y+2)=(y+1) +2y +3=y* +2y +1+ 2y +3=(y+2)’.
Let y+1=t.Then
u(t+1)=u(t)+2t+1,
Consider a function V(t) that u(t)=v(t)+Uy(t). Then:
v(t)=u(t)—u,(t),
V(t+1) =u(t+1)—uy(t+1) =u(t) + 2t +1-(t+1)° =
=u(t)+2t+1—-t?>-2t—1=u(t) —uy(t) =v(), VteR
These considerations lead to the conclusion that the function V(t) is periodic with the main period T =1 along the whole

number line. Therefore, the solutions of this functional equation are all periodic functions with period T =1, defined on the
whole number line, and only them.
Then the general solution of this functional equation has the form:

u(t)=v(t)+y?*, ro6to u(y+1)=v(y+1)+y?,
where v(y+1) is an arbitrary periodic function defined on the whole number line with period T =1. Initial condition U(O) =0

means that V(0)=u(0)—U,(0)=0. Then for all integer y we have
2

u(y)=y*+v(0)=y?*.
Thus, u (2864) = 2864 =8202496 .

IV. The simplest functional equations solutions of which are sequences (particular cases of functions).
Example 7. A sequence {bk} is defined as:
by =4, bgyr = {il::_z Il-(f_kzznlzz f T:
ie. b,=4+4=8"hb,=8-4=32;b, =32+4=36;b, =4-36=144; b, =144+ 4 =147... Find b, .
1) Consider the subsequence b, by, b;,... Let ¢, =b,, ¢, =b;, ¢, =b;,..., ¢y =byp ;- Then by =Ciaeg -
2) Functional equation for odd sequence numbers {bk} has the form:

Dy =4y =Dy 4(by_, +4)=4b, ,+16

2k-1)+1
Then, respectively, functional equation for {cm} will be:
C,u=4c, +16. (7.1)

16 16 16
3) Letc, =dm—§, where {d,} is a new auxiliary sequence. Then d, =c¢, +§, ac,,=d,,——.
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And equation (7.1) is transformed to:

dmﬁ—gz{d 16) +16
3 3
4.16 3-16 16

ma=4d, ———+——+=— 70670 d,, =4d,,,
3 3 3

1
It means that the sequence {dm} is a geometrical progression with the first element d, =c, + €6 and denominator q=4.Thus
d,=d,- 4",
16 16) o ma 16/ ..
cm+§—[cl+§j-4 , G, =C -4 +€(4 -1).
It is obvious that (4'“’l —1)53, ¢, =b, =4 (according to the condition of the problem), then

16 16
= 4. 4181, 2O (1357 q) _ g3 | 1O (411357 1)
Brarss = Crizse = 3 ( ) 3 ( )

Remark 1. The first method of solving example 6 can be motivation for studying section IV.
Remark 2. As exercises for understanding the ideas of solving examples 4, 5 and 6, examples similar to the considered
ones can be offered.

CONCLUSIONS AND PROSPECTS OF FURTHER RESEARCH

The material of the article was partially reviewed by the authors in educational institutions, where the complexity,
accessibility, perception level and usefulness of the issues were analyzed. The authors believe that the topic "The simplest
functional equations" will be useful and acceptable for studying within the scope of the subject "Algebra and the beginnings of
analysis" by students of specialized classes with an in-depth study of mathematics.

Within the eleven-year school education, of course, it is impossible to find time to study this topic due to the saturation
and density of the material necessary for study. But in the twelve-year-old New Ukrainian School, marked by a deeper
differentiation of specialized education, the topic "The simplest functional equations" can strengthen the fundamentality of
mathematical education in classes with in-depth study of mathematics, computer science, etc.
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