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ABSTRACT

MocmaHoska 3ada4i. BenuKka KinbKicmb mamemamu4Hol
nimepamypu nNpucea4YeHa KAacu4HUmM HepisHocmam. HepigsHocmi
lenvOepa, oOKpemum 8unadKomM AKUX € HepisHicmos Kowi-
byHAKOBCLKO20, O MAKOM HepigHicmb MIiHKOBCbKO20, W0 €
HepigHICMI0O MHO20KYMHUKA 8 HOPMOBAHOMY MpOCMopi, AKi
7exams 8 O0CHosi 2eoMempii YHIMAPHUX MA HOPMOBAHUX
npocmopig — CKIHYEHHUX Ma HECKIHYEHHOBUMIpHUX. Y cmammi
p0321A00EMbBCA  Y3a2aNbHEHHA YUX KOHCMPYKYili — AK Yy
duckpemHil ¢popmi, mobmo 0415 CKiH4eHHUX cym ma psdie, mak i
0114 iHmezpanis. IcmomHo, w0 HepisHocmi 017 cym 00800AMbCA
esnemeHmapHUMU memodamu, 6e3 BUKOPUCMAHHSA
dupepeHyiansHo20 YucneHHA. OMPUMAHI pe3ysemamu MOXymeo
bymu suKkopucmaHi 8 Haykosili disnbHocmi 014 064YUCAEHHA
desAKux supasis y suzaadi cym abo iHmeapanis, a MAKO# yYHAMU
npu nidzomosyi 0o onimniad i Hagime 018 BuUBYEHHSA
MAMeMamuKu 8 WKiNbHUX 2ypMKaXx.

Mamepianu i memodu. [lna oOosedeHHA Yy3a2asnbHeHO!
HepieHocmi MIiHKO8CbKO20 ma [HMezpaneHUx HepisHocmel
lenedepa ma MIHKOBCbKO20 8UKOPUCMAHA  y3d2adsbHeHd
HepigHicmb [envdepa 0na cym, AKa byna paHiwe ompumaHa
asmopom i, y ceoro uepzy, bysna susedeHa 3 HepisHocmi Kowi.

Pesynemamu. byno 0osedeHo y3azanvHeHi HepisHocmi
MiHK08CbKO20 — 0418 CKIHYeHHUX CYM Ma HecKiHYeHHUX psoie 3
Hesio'eMHUMU YneHamu ma iHmeapasn 044 Hegid'eMHUX yHKUYid,
a MaKoX y3a2anbHeHy iHmezpansHy HepigHicme ensdepa ma, 8
OKpemomy 8unaodky, HepieHicmb Kowi-byHAKOBCbKO20.

BucHOBKU. 3acmocys8aHHA  y3a2anbHeHUX — HepigHocmel
lenbdepa ma MiHKo8CbKO20 0414 cym, pAdie ma iHmezpanie €
docume egpekmusHUM MemoOdoM, AKuli 0038079€ ompumamu
uikasi HacnioKu, eaxausi OYiHKU — MOMPI6HO Auwe ycriWwHo
subpamu cKiH4eHHOBUMIpHi abo HecKiH4eHHOBUMIPHI 8eKmopu
4u yHKYii ma 3acmocysamu 0o Hux dosedeHi HepisHocmi. Ha
yboMy winaxy € seaukuli npocmip 8aa meop4oi diansHocMi.

Formulation of the Problem. A large amount of mathematical
literature is devoted to classical inequalities. Helder's inequalities,
a special case of which is the Cauchy-Buniakovsky inequality, as
well as Minkowski's, which is a polygon inequality in a normed
space, underlie the geometry of unitary and normed spaces - finite
and infinite-dimensional (Banach). The article considers the
generalization of these constructions - both in discrete form, that
is, for finite sums and series, and for integrals. It is essential that
inequalities for sums are proved by elementary methods, without
the use of differential calculus. The results obtained can be used in
scientific activities for evaluating some expressions in the form of
sums or integrals, as well as by students in preparation for
Olympiads and even for studying mathematics in school circles.

Materials and Methods. To prove the generalized Minkowski
inequality and the integral inequalities of Helder and Minkowski,
the generalized Helder inequality for sums, which was previously
obtained by the author which, in turn, was derived from Cauchy's
inequality.

Results. The generalized Minkowski inequalities were proved
for finite sums and infinite series with non-negative members and
the integral for non-negative functions, as well as the generalized
integral Helder inequality and, in a special case, the Cauchy-
Bunyakovsky inequality.

Conclusion. The application of the generalized Helder and
Minkowski inequalities for sums, series, and integrals is a fairly
effective method that allows you to obtain interesting
consequences, important estimates — you only need to successfully
select finite-dimensional or infinite-dimensional vectors or
functions and apply the proved inequalities to them. On this path,
there is a great deal of space for creative activity.

K/ID4YOBI  C/IOBA:  HepigHicmb  [envdepa;  HepisHicmb
MiHKoscbKo20; niHiliHuli npocmip; Hopma; iHme2pabHa HepieHiCMb.

KEYWORDS: Helder's inequality; Minkowski's inequality; linear
space; norm; integral inequality.
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INTRODUCTION

Problem statement. Proving inequalities is one of the important topics in the school course, especially in educational
institutions with an in-depth study of mathematics. Some similar problems are solved using classical inequalities, in particular,
Cauchy, Cauchy-Bunyakovsky, Helder (Holder), Minkowski, etc. It is interesting to prove which of these inequalities can be proved
without using differential calculus methods, using elementary methods, limited in means, as a rule, require a creative approach,
which is very valuable, especially in the education of the future mathematical elite. The beginner develops skills for creative,
independent work.

© The Author(s) 2025
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Analysis of current research. Numerous mathematical literature is devoted to classical inequalities and their
consequences. The author develops the concept of previous works (Bokhonov, 2022; Bokhonov & Bokhonova, 2023): some
inequalities can be proved using known inequalities, usually classical or their generalizations, by selecting in a certain way
successful replacements of the modified ones, after which the considered inequality becomes a partial case. On this path, the
authors managed, in particular, to prove the classical inequality for medium degrees, which is a general fact and application, for
example, in probability theory. They also managed to solve several Olympiad problems using the general Cauchy-Buniakovsky
inequality. The application of classical inequalities in the educational process in the course of mathematical analysis and their
generalization (unfortunately, without proofs) is devoted to the article (Zhuravska & Shramenko, 2010), as well as D. S. Mitrinovic
& J. E. Pecaric (1993). The article (Martynenko & Chkana, 2017) is devoted to the proof of inequalities using methods of
mathematical analysis. A review of results related to classical inequalities can be found in (Steele, 2004). On the other hand, for
example, the Cauchy-Bunyakovsky inequality suggests a significant generalization — transfer to C*-modules (Aldaz et al., 2015).

The purpose of the work is to generalize the classical Holder and Minkowski inequalities to the infinite-dimensional
case, reduce them to integrals, and demonstrate the obtained results on the example of specific problems.

RESEARCH METHODS

The study is based on the analysis of both school mathematics course programs and mathematical analysis for first-
year undergraduate students of technical higher education institutions and mechanical and mathematical faculties of universities.
The results of the cited previous works of the author are applied.

RESEARCH RESULTS

Let us proceed to the formulation and consideration of the problem.
Let be A, :(ajk,aZk,...,ank) 8, 20,k =1..,m, j=1..,n - a system of vectors of a linear space R™ (“T” stands for
transpose). You can give up on inalienability 8, ; and work with vectors whose coordinates are the moduls of these numbers.
n 0 )
Next, norms of the form will be used |x| = Z‘x‘
p =i J
One of the tasks is to generalize the classical Minkowski inequality for m>2 column vectors:

1
((aﬂJraﬂ+...+a1m)p+...+(anl+an2+...+anm)p)p g(afl+...+a,fl)%+...+(a1"m+...+an"m)%, p>1 (1)

The second problem is to transfer the generalized Holder inequality, proven by the author in (Bokhonov, 2022; Bokhonov &
Bokhonova, 2023) for finite-dimensional vectors, to the infinite-dimensional case:

Vpk>1,k=1,...,m,i+...+i=1 (2)
P P
1 1
0 © o o
Sa-an | 3(an) | Sa)]" 2
n=1 n=1 n=1
The third problem is to prove the generalized integral inequality of Hélder. Let f,..., f, — continuous non-negative in
[a, b] functions. Then, if condition (2) is satisfied and the following integrals converge,
1
b o)
[J‘(fl(x))’”de <o, j=1..,m (4)

the inequality (generalized Holder) takes place:

j'fl(x)...fm(x)dx<[j1 (£,00)™d J...U(fm(x))p“dxjpm. (5)

a

On condition p, =...= p,, = p we obtain the generalized Cauchy-Buniakovsky inequality.
The fourth problem is to prove the generalized Minkowski integral inequality for p>1:

[I(f(x)+ A+ f.(%) dxj{i (,x) pdx] +.. +U(fm(x))pdxjp. (6)

a a
The inequalities of Cauchy-Bunyakovsky, Hélder and some others are stated, for example, in the cited works. At the
same time, the methods of mathematical analysis are used for the proof in most of them. The purpose of the proposed article is
to prove inequalities (3) for sums by elementary methods, without the use of differential calculus, which allows them to be
studied by high school students. Then they are transferred to integrals, which allows the results to be used in preparation for
student olympiads.
Il. Proving inequalities

11
1. Generalized Minkowski inequality. For p,q>1, —+— =1, using Hélder's inequality, we obtain:
pq
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(a,+a,+ ...+a1im)pf1 <

M-
M:

a

m

_l(aﬂ+ai2+...+aim)"zia”(au+ai2+...+ai) ot
1= 1=

[Z(a,1+a,2+ 48, )(pl)qj:+...+(zn:( )pj

i=1

SR

1
[Zn:(ail +a, .t aim)(pfl)q jq =

i=1

i= i=1

[.Zn: h i+...+[i(aim)p]i (i(%l+ai2+...+aim)(p'l)q jz
1

1
Noticing, that l—az o’ q(p-1) = p, dividing both parts on

1
- (r2a Ja [ p)a . ,
Ylag+a,+otay) = > (as+a,+..+a,) | ,weobtain on the left-hand side:

i=1l i=1

-

(i(a” Tt aim)pj::(i(au +a, ot aim)”j”

i=1 i=1

and as a result we obtain the generalized Minkovski inequality:
1

R ey

i=1 i=1

or
[A+ A+t A <AL H A, +-+ A, -

.
2. Consider infinite-dimensional vectors A =(a1k,a2k,...,ank,...) elpk, k =1,..,m. That is, the series converges

- P
HA<HEk ZZ(aik) “ <o,k =1,...,m a;, 0. This allows us to move to the limit in the generalized Hélder inequality, proved in
=1

(Bokhonov & Bokhonova, 2023) for finite-dimensional vectors under condition (2)

Zer "m‘(i(a"pf)];"'[i(am))é

n=1 n=1 n=1

and obtain inequality (3) for infinite-dimensional vectors.

Similarly, the generalized Minkowski inequality in the infinite-dimensional case is proved:
1

1 1
0 P ; 0 P B © P E
[Z(ai1+ai2+...+aim) ] < (z(au) j +...+[Z(aim) ]
i=1 i=1 i

3. Proving the generalized integral inequality of Holder.
Divide the segment [a, b] with points a=x, < X, <...<X, =b and, bearing in mind (2), we introduce the notation:
1 1

Vi=1..,na;=f(x)Ax™,. . a,="f (x)Ax™ .

Let's use the generalized Holder inequality:

Za,laI2 . _Zf (%) A% <( nl(an"ll)j;l...(nn (anp;)jplms
g[zn:(fl(xi)):f Axij;..{i(fm(xi))i: AXJ"”.

i=1 i=1

Going to the limit in the proved inequality when maxAx, —0, we obtain inequality (5), which we had to prove.

jfl(x)...fm(x)dx{j(f(x) ] U f.(x)"d ]

4. Proving the generalized integral inequality of Minkovsky.
Let us introduce the notation:
1

1
Vi=1..,na,; =f(x)AX",...a, = (%)Ax", p>1.

Let's use the generalized Minkowski inequality for sums:

(Zn:(a\uﬂ:\iz+...+ai )j [IZH:( )+t (X ))prij;S(i(%)p]

i=1 i=1

SR
+
i
g
—_
o
3
P
©
N—
Il
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s[i(n@)imjﬁ +(z<fm<xi>>rmmif’-

i=1 i=1
Passing to the limit at in the proved inequality, we obtain inequality (6), which we had to prove:

(ium++qumJ<Ufu) ] Uf@) J

1. Examples

We will show how to apply the obtained results to prove some inequalities. For an easier form of notation, we will use
vectors of small dimensions. Obviously, similar results hold for vectors of arbitrary dimensions. The coordinates of the vectors
are assumed to be non-negative, as before.

1. A= (a,az,as)T ,B= (b,bz,b3)T ,C = (C,cz,ca)T , p=3. Let's apply the inequality (1):

Wl
-

((a+b+c)3+(a2+b2+c2)3+(a3+b3+c3)3) s(a3+a6+a9)%+(b +b6+b9)3 +(cP et +et)e =

=a(l+a’ +a6)% +b(1+b°+ bs)% +c(1+c’ +c6)% .

N
=
I
7/ N\
oo
o | T
N—
2
>
I

.
[E,E) YAZ—(C aj p =3. Let's apply the inequality (1):
cb ac

abcsbca3% 613bSé bSCsé csasé
R R CREIR BROIE BRI
b c a a b c b a c b a c
3. Az(a,a,b)T,Bz(b,b,C)T ,C=(c,c,a)T, p =3. Let's apply the inequality (1):

1 1 1 1
((a+b +c) +(a+b+c) +(b+c+a) )3 <(22°+b°)2 + (20 +c° )2 + (2% +a° =

1 1 1

§/§(a+b+c)§(2a3+b3)5 +(2b3+c3)5 +(2c3+a3)5.

k3

2
4. Evaluate the integral ﬂsin xsin 2x...sin 2mx(dx .
0

z z 2m 2m 2m
2

2
We have: _ﬂsin Xsin 2x...sin 2mx|dx |< I(sin x)zmdx (sin 2x)2mdx
0 0

O t——n [N
ot— N

(sin 2mx)2mdx

3
Let us evaluate the integral of the general form on the right-hand side: j(sm kx ,k=1..2m.
0

Let's make a substitution init: t = kx:0 — %k vVXx:0—> z, dx = 1dt and as a result we get:

S|~

(sin kx)2de

Ty z ﬁ T om 2m+1 2
E k z 2m E 2m

smt =| —[(sint)" dt =| |(sint)" dt = =
2L Jn) J(sint)

O —r |y

7\—“—\

1 & 1 1 1
_ \/;F(m)r[m+2j :[\/; \/; l_,(zm) JZm :[” (2m—1)' ]Zm _ 1[ 7r(2m—1)! ]Zm
) (

2 r(m)m 2 2™ m((m-2))’ 2" m((m-1))° 2| m((m-1)1

1
Note that Legendre's formula for Euler's gamma function was used here: F(a)l"[a + 7) = 2\{:1 I'(2a),a>0.Hence

(2m-1)!

m((m-2)y)°

ce—ln

. R . T
|sin xsin 2x...sin 2mxjdx < ——
2 m
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CONCLUSIONS AND PROSPECTS FOR FURTHER RESEARCH

To obtain further results, to prove new meaningful inequalities, it is necessary to make a successful selection of vectors
or functions and apply to them the generalized inequalities of Hoélder, Cauchy-Buniakovsky or Minkowski. One can also set the
task of giving an interpretation of the obtained results from the point of view of the theory of polylinear forms. It is also interesting
to prove similar inequalities for multiple integrals of a function of many variables.
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