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ABSTRACT

®opmy po6; HasyaHHa malibymHix e4umenie Mamemamuxu

nompebye sucokuli pieeHb 8i3yanizauii Hag4anbHo20 mamepiany. IHMezpayis
duHamidHoz0 cepedosuuja GeoGebra y Hag4yanbHUl npoyec moxe ornomozmu
MOKPAUWUMU HABUYKU Ma 3HAHHA cmydeHmis, @ MaKox nidsuwumu piseHs
BUKAAOAHHS 018 O0CA2HEHHSA BaMaHUX yinel HaBYAHHS.

Mamepianu i memodu. Y xo00i pobomu 8uKOpUCMOBY8AAUCH HACMYIHI
memoou: meopemuyHi (aHani3 Haykogo-memoduyHoi nimepamypu  0nA
docnidnceHHA cmaHy npobaemu 3acmocye8aHHsA 3acobie eizyanizayii memodamu
Kommn’tomepHoi mMamemamuku); emnipu4Hi (cnocmepexceHHs ma
cucmemamusayis iHcmpymeHmie GeoGebra Ha naekyiliHux | mpakmuyHux
3aHAMMAx oucyunai «/liHilina anzebpa» ma «[ugeperuianeHa zeomempis i
mononoeif»). MokasaHo, Ak 3a dornomoeoto GeoGebra moxHa 6ydysamu ma
docnidxicysamu npocmoposi ma naocKi Kpusi; 8ukoHysamu Oii HA0 Mampuyamu.

Pesyabmamu. Po32naHymo 0cobausocmi 8UKOPUCMAHHA G8MOPCLKUX
ansemie ma iHwux po3pobok GeoGebra nid yac 8uKAAOAHHA OucyunaiH
dugpepeHyianeHa 2eomempia ma siHiliHa anzebpa y npoueci nMid2omosKu
malibymHix e4yumesnie MamemMamuKu, 30KPemMa OMUCAHO MOMAUBOCMI
3acmocysaHHA 0aHO20 [HcmpymeHma 074 00cniOxceHHA enacmusocmel
IpOCMOPOBUX KpUBUX | (hOPMY8AHHA MPAKMUYHUX 6MiHb ma HABUYOK
BUKOHAHHA onepayili HA0 MAMPUYAMU, 3HGXOO0HEHHA 0BepHEeHUX Mampuyb.
BuceimneHo nepeeazu ma HedosiKu 8UKOpUCMAaHHA cepedosuuja GeoGebra e
ocsimHboMy npoyeci 3 niHiliHoi anzebpu ma dugepeHyianeHoi eceomempii.

BucHo8Ku. B cy4acHomy ceimi ernposadiceHHsA iHGopmayiliHux mexHosnoeili 8
oceimHili npoyec € HeobXiOHOK KOMIOHEHMOIO YCriWHO20 30CB0EHHA HABYAbHUX
ducyunaiv 3 mamemamuku. OOHIEID 3 MOMYMHUX CUCMEeM KOMI lomepHoi
mMamemamuku 0715 OUHaMI4HOI 8i3yanizauii, po3paxyHkis nid Yac po3e’A3ys8aHHs
30004, 06pobku OaHUx ma HayKo8o-00cniOHUYbKOI pobomu € cepedosuuje
GeoGebra. B pobomi Ha npuknadi OKpemux Mamemamuy4Hux OuCYuniH
MOKA3aHO nepesaau 8UKOPUCMAHHA OAHOI cucmemu 8 0C8iMHbLOMY nPoyeci.

Formulation of the problem. The training of pre-service mathematics
teachers requires a high level of visualization of educational material.
Integrating a dynamic learning environment GeoGebra can help improve
students' skills and knowledge, as well as improve the level of teaching to
achieve desired learning goals.

Materials and methods The following methods were used in the
course of work: theoretical (analysis of scientific and methodological
literature to study the state of the problem of using visualization tools by
computer mathematics); empirical (observation and systematization of
GeoGebra tools in lectures and practical classes of the disciplines "Linear
Algebra" and "Differential Geometry and Topology"). It illustrated how
one can build and explore space and plane curves with GeoGebra as well
as manipulate matrices.

Results. This work studies peculiarity of using custom applets and
other GeoGebra activities in the process of teaching differential geometry
and linear algebra as a part of the pre-service mathematics teachers’
training curriculum. In particular, it describes the affordances of this tool
for studying the space curves and forming matrices operations, and
finding inverse matrices skills. The advantages and disadvantages of using
the GeoGebra environment in the process of teaching linear algebra and
differential geometry are highlighted.

Conclusions. In today's world, the introduction of information
technology in the educational process is a necessary component of the
successful mastering of mathematics. GeoGebra is one of the powerful
systems of computer mathematics used for dynamic visualization,
problem-solving calculations, data processing, and research. This work
uses some of the mathematical disciplines to illustrate the benefits of
using GeoGebra in the educational process.

K/ItOHOBI CJ/IOBA: iHgpopmayiliHi mexHonoeii; GeoGebra; OuHamiyHa
MamemMamuka; 8i3yanizayis; ougepeHyiansHa eeomempis; niHiliHa anzebpa.

KEYWORDS: information technologies; GeoGebra; dynamic mathematics;
visualization; differential geometry; linear algebra.

INTRODUCTION
Formulation of the problem. The constant development of information technology contributes to the expansion of

opportunities for receiving, storing, processing, and transmitting the information. Given the need to improve the system of higher
education, the use of modern information technologies (IT) is a powerful factor in improving the efficiency of education and the
training of qualified professionals. In particular, during the training of pre-service teachers of mathematics, the use of IT opens
new opportunities to not only increase the quality of learning material and the formation of practical skills but also to develop
general and professional competencies and increase motivation to learn. Technologies of visualization of educational material,
in particular, the dynamic mathematical environment GeoGebra with its wide range of functionalities and uses in education hold
a special place among modern learning technologies.
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Analysis of current research. Several findings by national and foreign scientists are devoted to the importance of
introducing digital communication technologies into the process of education. These are works by Alieksieiev O. M., Biliai Yu. P.,
Biloshapka N. M., Bykov V. Yu., CherniavskyiB.V., Drushliak M. H., Fedorenko O. H., HaletskyiS. M., Herasymenkol.V.,
Karandina S. I., Kovalchuk M. O., Kruhlyk V. S., Letsiuk I. Z., Lytvynova S. H., Mashbyts E. I., Medvedieva M. O., Mitieniev Yu. A.,
Mykytenko A. P., Myroshnichenko Yu. B., Nechypurenko P. P., Petrenko S. ., Rashevska N. V., Semenikhina O.V., ShrolT.S,,
Shylina H. A., Slovak K. I., Snihur O. M., Spirin O. M., Spivakovskyi O. V., Tkachuk H. V., Tkachuk V. V., TryusYu.V., Tsys O. O.,
Zhuk Yu. O., and others.

Various aspects of the introduction of visualization in the educational process are widely considered in their research
by domestic and foreign scientists, in particular Argul A., Bezuhlyi D., Bilousova L. I., Briantseva V. H., Brucker B., Drushlyak M. G.,
Gerjets P., Hurevych R. S., Imber V. |., Semenikhina O. V., Shaiter K., Yamet I., and others.

Bezuhlyi D. notes that the visualization of information is a very important component of the didactic process (Bezuhlyi,
2014). Cognitive-visual approaches allow to not only present a large amount of information in a concise form but also promote
more productive learning activities, enhance cognitive interest and development of associative thinking, transfer methods of
information processing to various objects and spheres of society.

Brucker B., Scheiter K., and Gerjets P. who compared the effectiveness of dynamic visualization with static visualization
note that students who were offered teaching material in the form of dynamic visualization understood it better than those who
were presented with static visualization (Brucker et al., 2014).

Argul A. and Yamet |. explain the expediency of using visualization tools in the educational process and the need to
combine the representation of dynamic visualization with static (Arguel & Jamet, 2009).

Several findings are devoted to the peculiarities of introducing GeoGebra into the process of education: research by
Drushlyak M. G., Hrybyuk O. O., Ishchenko H.V., LukashovaT.D., PolishchukT.V., Semenikhina O.V., SkaskivL.V.,
Voznosymenko D. A., Yaremenko Yu. V., Yunchyk V. L. and others. Polishchuk T. V., who studied GeoGebra’s affordances for
mathematical analysis problems, said that the use of the environment allows for optimization of the learning process, conducting
individual work, improving learning, enhancing cognitive activity, and promoting the formation of algorithmic thinking in pre-
service teachers of mathematics, creating an opportunity to demonstrate the results of their educational activities, and most
importantly, increasing students' interest in basic science by allowing visualization of the use of mathematical apparatus to solve
applied problems (Polishchuk, 2019).

Drushlyak M. G., Lukashova T. D., Skaskiv L. V. confirmed the effectiveness of solving graph theory problems using
GeoGebra, noting that the use of GeoGebra allows to not only to solve typical problems of the course but also to connect each
problem with real-life situations through visualization (Drushlyak et al., 2019).

A significant amount of research is devoted to the use of GeoGebra in the teaching of algebra and geometry in general
secondary education, as well as the teaching of certain mathematical disciplines in higher education, but the use of GeoGebra in
teaching mathematics in the training of pre-service mathematics teachers is not sufficiently covered in the scientific literature.
Therefore, it needs to be further researched.

Purpose of the article. Explore the affordances and reasons for using GeoGebra in the process of teaching about the
elements of algebra and geometry in higher education institutions.

METHODS OF THE RESEARCH

The following methods were used in the research process: theoretical (analysis of scientific and methodological
literature to investigate the problem of visualization of educational material in mathematics, comparison and synthesis of
theoretical positions), empirical (observation and implementation of tools of dynamic system GeoGebra in teaching of certain
mathematical disciplines in high school, generalization of pedagogical experience).

RESEARCH RESULTS AND DISCUSSION

During the process of training pre-service teachers of mathematics, modern teaching means are used in several ways:
to visualize educational material; to assist with self-study of educational material by students; to organize the evaluation of
students' learning outcomes; for teacher-student interaction in cases where full-time learning is impossible or difficult; as
simulators for practicing practical skills.

There is an increasing need to use modern teaching means in teaching mathematics to students of pedagogical
universities. This is due to several factors:

1. The need to motivate students to study mathematical disciplines.

2. Reduction of classroom hours for the study of the discipline, while the program learning outcomes remain

unchanged and there is a need to intensify the learning process.

3. Low level of the students’ basic knowledge.

4. The need to visualize educational material.

One of the modern and multifunctional means of visualization of educational material in the teaching of fundamental
mathematical disciplines in pedagogical universities is the free of charge dynamic mathematical environment GeoGebra.
GeoGebra can be used to understand certain mathematical concepts, to help solve problems, and check their solutions.

As noted by scientist Semenikhina O. V. there are several ways of using the cloud service GeoGebra in teaching pre-
service teachers of natural sciences and mathematics to introduce visualized mathematical content: as an environment to
organize both analytical and empirical solutions to the problems in the process of determining individual characteristics of
mathematical objects and as an environment for at-home computer experiments (Semenikhina et al., 2019).

The GeoGebra environment can be successfully used to visualize educational material in the process of studying
geometry and topology. Commonly, when studying differential geometry, students use known formulas and equations,
successfully calculate the values of its differential-geometric invariants for a given curve (plane), find the equations of related
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lines and planes, but do not make a connection to the shape of the curve (or plane). Such a formal approach to the training of
pre-service mathematics teachers may further negatively affect their professional activities. The GeoGebra environment, due to
its extensive functionality, can help solve this problem.

During the lecture on the content module "Space curves", GeoGebra can be used to set space curves and points that
belong to them. Space curves in differential geometry are often set parametrically:

x=x(t), y=y(t), z=z(t)

or as one vector equation

F(t)=(x(t). y(t), (1))

This method is best used for setting up and recognizing GeoGebra. In the application GeoGebra 3D this is done by the
command Curve (<Expression>, <Expression>, <Expression>, <Parameter Variable>, <Start Value>, <End Value>). On the example
of a regular (cylindrical) helix, consider the image of a curve, the equation of which includes the letter coefficients (a and b). To
do this, the command Curve (a*cos(t), a*sin(t), b*t, t, -10, 10) is used. After pressing the Enter key on the keyboard and in the
GeoGebra 3D system, sliders for the coefficients a and b will automatically appear (Fig. 1.). As they are changed, one gets a real-
time illustration of how changing one numerical coefficient at a fixed other affects the curve image (as changing the parameter
a changes the radius of the cylinder containing the helix, while changing the parameter b — changes its pitch). One can also
investigate some exceptional cases (for example, when one of the coefficients is zero). In addition, by clicking on the Play icon
next to each parameter and adjusting the playback speed, one can observe the dynamic movement of the formation of the helix
while changing both coefficients. Furthermore, the increase in the rate of change of the parameter t will increase the number of

turns of the helix.
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Fig. 1. Image of a helix

It is also possible to build closed space curves in the system that contain a self-intersection point, such as Viviani’s curve
(Fig. 2.). To do this, GeoGebra 3D uses the command Curve (a/2 (1+ cos (t)), a/2 sin(t), a*sin (t/2), t, -2pi, 2pi)
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Fig. 2. Image of the Viviani’s curve

The image of space curves is not the only possible cause of difficulties for students. Many lines on the plane are also of
great interest for research in applied aspects of mathematics and can be constructed using GeoGebra media (Drushliak &
Semenikhina, 2021). They are cycloid, epitrochoid, Fermat’s spiral, deltoid, etc. The study of such curves can be offered to
students as extracurricular work to be performed in the form of individual research work using the GeoGebra system. The subject
of research can be the history of their discovery, practical application, and finding further characteristics of these curves.

The GeoGebra system can be used to visualize the training material used during practical classes. Integrating innovative
teaching methods using IT can be extremely effective for teaching Linear Algebra or Analytical Geometry and Linear Algebra, as
it helps activate students’ learning. (Makhometa et al., 2018). For example, a series of applets "Actions on matrices" allows
students to practice multiplication of a matrix by a number, adding matrices, and multiplying matrices during a practical lesson
in the discipline "Linear Algebra". Methodological features of using a series of developed applets during a practical lesson on
linear algebra were studied.

At the stage of actualization of basic knowledge, with the help of, for example, a face-to-face interview, students are
reminded of the rules of operations on matrices. After that, the teacher displays the first applet with an animation video of the
rule of multiplication of matrices on the screen or multimedia projector (Fig. 3). No such animations to demonstrate other
operations have not been developed, as other operations usually do not cause difficulties for students.
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Fig. 3. The activity of GeoGebra with an animation video of the rule of multiplication

The formation of practical skills takes place with the help of applets that display actions on matrices with elements that
are randomly selected by the program (-10 to 10), the refresh button, which sets new random elements of matrices, the button
that displays the result (Fig. 4.). First, students solve the problems they see on the screen or the multimedia board, and then, by
clicking on the result button, they check their answers. If the answer is incorrect, the students look for the mistake on their own.
The teacher helps each student who has questions in the process.
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Fig. 4. The task in the GeoGebra software

Access to a series of applets is provided to students at the end of the lesson so that students can improve their skills
and abilities to perform operations on matrices at home.

In the formation of practical skills and abilities to find inverse matrices the applet "Inverse matrix Gauss-Jordan" can be
successfully used (Fig. 5.). This applet involves finding the inverse matrix to the matrix provided by employing elementary
transformations. The user can choose the size of the matrix to which they find the inverted one and then fill in the appropriate
cells of the matrix element. After clicking the arrows in the applet window, the steps of obtaining the inverse matrix to the
specified one are visualized so that the user sees both the result and the operations performed on the rows.

® Dimension
3

Fig. 5. Using the GeoGebra system to find inverse matrices
Source: https://www.geogebra.org/m/jyZZkaAw

Developing the practical skill of finding inverse matrices using this applet helps save time due to the lack of need to
perform routine calculations, which, in turn, eliminates errors and incorrect answers.

GeoGebra environment can be used successfully to visualize educational material during teaching and other
mathematical disciplines: mathematical analysis (Dereza & Ivanova, 2018), complex analysis (Polishchuk, 2021), elementary
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mathematics (Kramarenko, 2019), graph theory (Drushlyak et al., 2019), analytical geometry (Drushlyak et al., 2020),
mathematical foundations of computer science (Hrybiuk & Yunchyk, 2016), etc.

There are many benefits to using GeoGebra in teaching pre-service math teachers. In particular:

— allowing to visualize spatial models, stages of solving problems;

— promoting the individualization and differentiation of learning;

— contributing to the improvement of professional skills of pre-service teachers of mathematics by forming in pre-
service teachers of mathematics information culture and skills in the use of computer technology and mathematical software
products;

—intensifying educational and cognitive activities;

—integrating GeoGebra applets into electronic manuals and textbooks, or electronic educational and methodological
complexes.

However, using the GeoGebra system has its disadvantages:

—the need for tools to work with the Geogebra service, as well as, possibly, an Internet connection;

—insufficient level of computer literacy and methodological preparation for practical work using GeoGebra;

— misuse of the system by the students, which can lead to poor learning of educational material.

CONCLUSIONS AND PERSPECTIVES FOR A FURTHER RESEARCH

The quality of the educational process significantly increases with the use of information technologies, in particular, the
system of dynamic mathematics GeoGebra. This system becomes an effective tool in the visualization of educational material in
the study of mathematical disciplines and helps improve the quality of knowledge of pre-service teachers of mathematics,
intensification of educational and cognitive activities, and the formation of skills to acquire knowledge independently. As for the
future research directions, they are the development of custom GeoGebra applets and compiling the methodology of teaching
employing these tools in the process of training pre-service teachers of mathematics.
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