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COMPUTER MODELS FOR POLYGONAL NUMBERS INVESTIGATION
AND THEIR USE IN MATHEMATICAL EDUCATION

Introduction. Various education studies conducted recently across Europe confirm
decreasing interest to mathematics and lack of students’ motivation to master it as math
seems to be too abstract for students, too far from real life tasks. It is also detected
students’ disinterest in advanced mathematics and science degrees. On the other hand,
integrative tendencies between knowledge areas obviously are getting really strong.
Nowadays social demand is to provide global labor market with high level specialists who are
able to apply their mathematical thinking to practical problems solving. Mathematics as a
science always has been universal language and powerful instrument for investigations in
many areas. However, its cognitive facilities are used insufficiently to stimulate students’
interest to science. Thus, we can distinguish two main contradictions: between urgent needs
of society to raise level of mathematical education and falling students’ motivation to learn
mathematics deeply; between great cognitive power of mathematics as a science and
insufficient using of this power in the educational process.

In order to resolve these contradictions it is necessary to propose relevant didactic
mechanisms, to apply computer technologies and make mathematical concepts serve
educational purposes such as creating students’ mathematical outlook and culture,
demonstrating them practical value of mathematics, and raising their interest to it. In this
context the phenomenon of polygonal numbers seems to be really bright example of both
cognitive resource of math and its application to didactics and real life as well.

Actually, we can see polygonal numbers in nature and daily life everywhere (for
instance, honeycombs, spider’s web, packed eggs, billiard-balls packed into a box, topology
of network, etc. are everyday examples of polygonal numbers of different angularity).
However, these numbers as a mathematical notion arose long before our era as a result of
formation of the natural numbers series composed from the sums of arithmetic sequences.
Ancient scientists gave elements of these series this or that geometrical interpretation. In
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particular, they considered them as sequences of regular polygons made of dots [5; 8].
Among ancient scientists who wrote about polygonal numbers we can name Greek
mathematician Hypsicles of Alexandria (Il century before AD), Diophantus of Alexandria (Il
century, AD). Some dependences between numbers of different angularity were obtained by
Nicomachus of Gerase (I century, AD). Later relations among natural and polygonal numbers
were investigated by mathematicians Pierre de Fermat (1601-1665), Leonhard Euler (1707-
1783), Augustin Louis Cauchy (1789-1857).

However, the analysis of scientific and popular scientific literature testifies that a lot
of interesting relations between flat polygonal numbers did not obtain detailed research,
and some known relations can be generalized and proved by modern mathematical
methods. On the other hand, polygonal numbers as a mathematical concept obviously have
significant educational value: they allow students to realize a link between geometrical and
algebraic essence of a number, to trace the continuity of geometry and algebra methods in
mathematics, to see applications of an abstract notion to practical problems solving.

Thus, investigation of various properties of polygonal numbers as well as finding
didactic ways to apply their pedagogical potential seems to be urgent and topical. So, the
paper focuses on some main objectives: (1) to obtain and represent some relations among
flat polygonal numbers based on their properties investigation; (2) to determine binary
algebraic operations on the sets of polygonal numbers of various angularity and to
investigate algebraic properties of the polygonal numbers sets as algebraic systems; (3) to
represent author’s computer models of polygonal numbers and the ways in which these and
other results may be used in mathematical education.

Methods and instruments. Let us consider sequence of the regular triangles
composed from dots. If we agree to consider the first left dot to be also a triangle, then in
Figure 1 four members of this sequence are represented. We will put in correspondence to
each triangle the number expressing the whole amount of dots in it. In such a way we obtain
numerical sequence: 1,3,6,10,15... These are triangular numbers. If to designate them 3,
where n is the index of a member of sequence, and digit 3 specifies that numbers are
triangular, it is obvious from the figure (Fig.1) that 31=1; 3,=1+2; 33=1+2+3; 3,=1+2+3+4 etc.
Obviously, the n-th triangular number is the sum of n first natural numbers, i.e.
3n=142+3 +... +n = n(n+1)/2.

Quadrates (Fig. 2) and regular pentagons are similarly considered. Thus, it is possible
to receive any polygonal numbers in such a way.

L
L ]

Fig. 1-2. Triangular and quadrate numbers

According to common definition, a number is called K-angular if it is one of the sums
of the members of the arithmetical sequence with the first member equals 1 and the
difference d = K-2 (for instance, [1]). All polygonal numbers can be put in the infinite table
with the general formula of the n-th index of the series of K-angular numbers (Fig.3).
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General member
Numbers S
D |Polygon n
S1 S2 S3 S4 S5
1 |Triangle| 1 3 6 10 15 .. n(n+1)/2
2 |Quadrate| 1 4 9 16 25 |... n
3 |Pentagon| 1 5 12 22 35 .. n(3n-1)/2
4 |Hexagon| 1 6 15 28 45 .. n(2n-1)
D 1 2+d | 3+3d | 4+6d |5+10d |...| n(dn-(d-2))/2

Fig. 3. The table of polygonal numbers of different angularity

So, the general formula of K-angular number with index n is:
nldn—(d-2)]
2

In order to achieve the objectives of our work we used the method of analysis of the
polygonal numbers table (Fig. 3), known Diophantus’s relation for triangular and quadrate
numbers [6], methods of algebraic transformations, basics of the algebraic systems theory
[5] etc. Apart from the theoretical methods we also applied instruments of MS Excel and
GeoGebra software to build and investigate relevant computer models of polygonal
numbers and their series. Detailed description of some tools will be given below at the
specific points of the paper.

Main mathematical results of the paper make some relations among flat polygonal
numbers obtained by the author basing on their properties investigation. In particular, on
the base of analysis of K-angular numbers with the same index n the general formula of
difference between K-angular and (K-1) - angular number with index n (n>0) was obtained:

Rn=n(n-1)/2 (1)

Based on this formula we formulated general formula of calculation of any K-angular
number with index n via n-th triangular number and definite quantity (settled amount) of
differences Rn. We noticed that the quantity of adding differences R.. depends upon the
angularity K and makes K-3. So, required general formula of calculation of any n-th K-angular
number is:

K, =

Kn=3n+ (K=3)Rn =30+ (K=3)n(n-1)/2 (2)
The relation between n-th (n>2) pentagon number and quadrate number with index
n-1 was obtained on the base of analysis of series of pentagon and quadrate numbers. We
have established such regularity. In order to obtain n-th (n>2) pentagonal number to
guadrate number indexed (n—1) it must be added natural number 4 and the sum S of an
arithmetical progression with the first member equals 4 and difference d=1 which is
calculated under the formula:
S = (n=2)(5+n)/2, where n is pentagonal number’s index.
So, relation between n-th (n>2) pentagon number and quadrate number indexed
(n-1) is:
5n=4n-1+ 4+ (n-2)(5 +n)/2, (3)
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where 5, is a pentagonal number indexed n, and 4,-1is a quadrate number indexed (n-1).

Some relations were obtained on the base of the known Diophantus’s relation for
triangular and quadrate numbers. In particular, the connection between indexes n and m of
triangular 3, and quadrate 4, numbers accordingly was established for Diophantus’s
relation 8T+1=K (T — triangular number, K- quadrate number) (Little, 1910). So, Diophantus’s
formula is generalized now in such a relation:

83n+1=4m, where m =2n+1 (4)

Geometrically it can be represented this way: the dots matching (in their amount) a
quadrate number indexed m=2n+1 form quadrate. One point is in the center of the
quadrate, and the rest of dots are grouped together in the form of 8 rectangular triangles
with broken hypotenuses. Each triangle contains the amount of dots matching a triangular

number with index n (Fig.4).

Fig. 4. Geometrical representation of relation (4) for n=3, m=7

Furthermore, intuitively from geometrical ideas it is clear that if we take some
guantity of equal quadrates, then we can make another quadrate of them, i.e. we can obtain
another quadrate number. So, the task is to define this quantity of the quadrates which
make this quadrate number. Using algebraic transformations we found this quantity and as a
result generalized the formula (4) to the following relation:

4p(8:3n +1)=4p(2n+1) (5)

In geometrical sense it means that if we take a quadrate number indexed m=2n+1
(see formula (4)) in amount matching quadrate number 4,, we will receive a quadrate
number indexed p(2n+1).

Based on the relation (4), analysis of the table of triangular and pentagon numbers,
and from geometric reasons the relation between triangular and pentagon numbers was
obtained. Really, intuitively it is clear that from a quadrate and four triangles we can build a
pentagon. We checked this fact algebraically for triangular and pentagon numbers with
different indexes and discovered the following regularity:

83n+1+4:3n = 52n+1)+N (6)
From here the relation between triangular and pentagon numbers appears:
1235+ 1 = n=5(n+1) (7)

Geometrically it means that from 12 triangles, each of which contains the amount of
dots matching n-th triangular number, and one more dot we can build a pentagon. It will
contain the amount of dots matching a pentagon number indexed 2n+1. However, n dots
will be extra, i.e. they will not be included into construction of the pentagon. We suggest a
reader independent trying.
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All relations (1-7) were proved with algebraic methods.

Determination of binary algebraic operations on the sets of polygonal numbers of
various angularities. The following results were obtained on the base of the algebraic
systems theory and the analysis of the polygonal numbers series.

We considered polygonal numbers of the angularity K>3 as infinite sets and based on
the definition of binary operation on a set. As a result, we obtained the following: at addition
of two arbitrary K-angular numbers K, 1 Km in order to receive the third number of the same
angularity it is necessary to the result of the traditional addition to add the product (K-2)mn,
where K-2 = d what is difference of arithmetic progression. In order to prove this we used
common formula of K-angular number with indexed n and m respectively.

So, on the sets of polygonal numbers of angularity K (K=3) the following addition
operation @ is defined:

Kn @ Km = Knt+ Km+(K-2)mn = Kmqn,
where n, meN — indexes of K-angular numbers in a corresponding set.

The result of the obtained addition operation is the number of the same angularity
with an index equal the sum of items’ indexes. Thus, the binary operation of addition is
invariant in relation to the angularity of numbers.

Proceeding from the definition of binary operation on a set, using also common
formula of K-angular number and algebraic transformations we initially defined
corresponding operations of multiplication on each set of polygonal numbers of angularity
K=3,4,5,6,7,8. Then we found out regularity in the operations and obtained generalized
formula which defines operation of multiplication for numbers of arbitrary angularity K with
indexes n, meN:

K dnm—(d—-2) _
"M dm—(d-2)dn—(d-2)) """

The result of the defined multiplication operation is the number of the same
angularity with an index equal the product of factors’ indexes. Thus, the binary operation of
multiplication is invariant in relation to the angularity of numbers.

As on the sets of polygonal numbers of angularity K (K>3) binary operations of
addition and multiplication are defined these sets can be considered algebraic systems.

We also proved that the defined operations of addition and multiplication submit to
commutative, associative and distributive laws.

The attempt of obtaining of the polygonal number with opposite number was taken.
It was established that a polygonal number with an index -n equals a polygonal number
indexed n+1.

Investigation of algebraic properties of the polygonal numbers sets as algebraic
systems. It was also considered the issue as for if the sets of polygonal numbers are groups,
rings, and fields concerning the defined by us operations of addition and multiplication.

As a result, it was investigated and established that the set of polygonal numbers of
angularity K (K>3) is not a group in relation to the binary operation of addition as there is not
a neutral element O in it.

It was established that the sets of polygonal numbers of angularity K (K>3) are not
groups in relation to the binary operation of multiplication as there is no a symmetrical
element to elements of these sets.

It was proved also that the set of polygonal numbers of angularity K (K>3) is not a
ring in relation to the binary operations of addition and multiplication as there is no a
reversibility of addition on the sets.

K, ®K, =2K
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Computer modeling of flat polygonal numbers and educational prospects. Obtained
results and algebraic properties of flat polygonal numbers pushed us to use them as fruitful
material for involving students into research and constructive process of mathematics
learning.

First of all we constructed author’s dynamic models of polygonal numbers in
GeoGebra environment and developed special didactic support in order to encourage
students to make independent conclusions as for these numbers formation and composition
of their series.

For example, we can suggest students answering such a chain of questions based on
the work with the models (Fig.5):

1) What happens with amount of dots on each side of triangle? — Using the slider
students have to conclude that each side on each step is divided by one more dot.

2) How many dots on each step are added in total? Why? — It is worthwhile to push
students to realize that each next polygonal number contains all points obtained on previous
step (Fig.5).

3) Using the model write down 5 sequent triangular (quadrate, pentagon,...) number.

4) Can you check your hypothesis as for division of each side of polygon for quadrate
numbers, for pentagons numbers and so on?
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Fig. 5. Step-by-step work with a dynamic model
So, we can allow students to combine in one model numbers of different angularities

and “play” with them to check obtained regularities and find out their own ones, and then —
to prove them algebraically (Fig. 6).
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Chain of questions to work with the model using the sliders
1) What happens with amount of points on each side of triangle?

2) How many points on each step is added in total? Why?

3) Using the model write down 5 sequent triangular and quadrate numbers.
4) Can you check your hypothesis as for division of each side of the polygon
for quadrate numbers?
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Fig. 6. Episodes of work with dynamic models of various polygonal numbers
in GeoGebra environment

Experimental work with ready-made models of polygonal numbers is only one way to
cognitive activation of students. We would recommend also another one, so called
constructive way, to use polygonal numbers phenomena in order to progress students’
motivation. It is based on the idea of encouraging students to build similar computer models
themselves.

The matter is that it is easy to obtain the total amount of points algebraically.
However, it might be a challenge for students to locate proper amount of dots in the proper
shape of a regular polygon and to automatize this location using GeoGebra tools or to
develop a computer program to obtain proper polygons. More over, polygons must be
geometrically similar and they must be overlaid in order to contain total amount of dots.
Here a student bumps into necessity to find out regularity again and to find out the way how
to visualize this regularity using computer.

We would suggest a sort of pre-teaching in order to push students to their
“discovery”. So, we again offer the chain of questions:

1) If we have a point coordinated (m,n), how should we change these coordinates in
order to make them form on each step new quadrate (triangular) number?

2) What will happen if we fix m and change n with some step?

3) What are limits in which we have to change m and n?

As a result, students come to the conclusion that for a quadrate number there is such
a regularity: if we fix n, m must change its value from 0 to P-1, where P is the index of a
quadrate number, and this must be repeated for each n which itself changes again
from O to P-1.

In the process of creating the triangular numbers model it is important to ask
students as for the connection of the coordinate m and final value of n.

Here we can also relevantly introduce Sequence — function as an important built-in
GeoGebra tool, its nested variant, and demonstrate its application. As well we can provide
knowledge integration with algorithms and programming (repetition structure, loop
operator): both elicit this analogy from students and then stress it.

Finally, it is also really beneficial to encourage students to build universal model for
polygonal numbers of any angularity as it is connected with some practical geometrical
problems of points’ location on the plane. Here we would offer students the following chain
of subtasks.
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1) The task of placing K dots around the circle, where K is the angularity of a
polygonal number (to elicit from students the proper angle of the rotation and the list of
obtained rotations).

2) The task of repetition of the list of the obtained rotations according to the index of
a polygonal number of proper angularity.

3) The task of division of each segment between two dots on proper amount of
points according to the index of a polygonal number.

As a result, students come to the nested construction of sequences and elements of

lists, realize it using built-in Sequence-function and List-function of GeoGebra and can
manipulate it to verify some theoretical regularities among polygonal numbers (Fig.7).
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Fig. 7. Episodes of students’ work in GeoGebra with built universal dynamic model for
polygonal numbers of any angularity

In addition, we can encourage students to build two universal tables (using
spreadsheets, for example MS Excel) in order to verify and demonstrate the action of binary
algebraic operations of addition and multiplication on the sets of polygonal numbers of
various angularities determined above. As next step of work it might be students’
investigation of geometrical interpretation of the algebraic operations.

After manipulations with the universal model and tables of the binary operations
built by students we can emphasize nowadays applications of polygonal numbers, and get
students familiar with those practically urgent tasks where polygonal numbers themselves
and their constructed dynamical models might be used. Among these applications and tasks
it is relevant to mention at least the following ones: (1) the problem of determination of

16



®I3UKO-MATEMATUYHA OCBITA (®MO) Bunyck 1(7), 2016

maximum amount of equal figures located inside of specific shape and its derivation — the
problem of dense package of balls inside the shape [7]; (2) method of time series smoothing
based on polygonal numbers usage and applied to investigation of indicators of funds
markets [2]; (3) genetic algorithms modified basing on polygonal numbers [4]; (4) location of
cell connection towers and others.

Conclusions. According to the aims of the work, there were obtained and
represented some relations among flat polygonal numbers based on their properties
investigation; binary algebraic operations on the sets of polygonal numbers of various
angularity were determined and algebraic properties of the polygonal numbers sets as
algebraic systems were investigated; author’s computer models of polygonal numbers were
built in GeoGebra environment and the ways in which these and other results might be used
in mathematical education were determined. In a whole, obtained results may be
considered as didactic support of Mathematics and Computer Science learning.

Using this didactic support we will be able to provide some benefits for students.

The most important of them seem to be bringing up students’ holistic view at our
world, integrative understanding of algebra and geometry as well as realizing integrative role
of Mathematics as a universal language for reality description. Another educational benefit
is forming students’ philosophical and historical outlook as polygonal numbers are presented
to students as a really bright example of historical continuity. They can trace historical roots
of the concept itself and transformations of its practical applications.

Apart from integrative and philosophical outlook, with the help of our didactic tools
we will be able to bring up and develop students’ skills of recurrent relations obtaining,
necessary for their algorithmic thinking forming. We can also develop students’ modeling
skills as we encourage them to build dynamic computer models of mathematical objects and
to manipulate them. As a result, we can expect raising of students’ motivation and interest
to science learning and exploration.

The didactic tools presented above might be used both in curriculum and extra-
curriculum studying of Mathematics and Computer Science in senior grades of schools. They
also can be interesting for teachers including pre-service ones.

The prospects of our work are empirical proving of our theoretical predictions as for
the influence of our didactic tools on the students’ skills and characteristics.
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AHomauyia. TpusyH /1.E. Komn’tomepHi moodeni 0aa docnidnceHHa 6a2amoKymHux
Yyuces ma ix 3acmocysaHHA y mamemamuyHili oceimHili npakmuyi.

CyyacHi nompebu cycninbcmea y 3POCMAHHI PiBHA Mamemamu4yHoi oceimu,
He0oCMAamHE 3aCMOCY8AHHA KO2HIMUBHO20 MNOMeEHYiaany Mamemamuku AK HAyKu |
00HOYACHO NadiHHA mMomueauii wkKonapie ma cmydeHmis 00 ii 8UBYEHHA AKMyanizyroms
nowyK adeksamHux OUOAKMUYHUX MEXAHI3Mi8, 3any4eHHA iHghopmauiliHux mexHonoeail, a
maKox HeobxiOHicmb nidsuWeHHA nedazo2iyHo20 nomeHyiany yHOAMeHmMAanbHUX
mMamemMamuyHUX MOHAMb. Y UbomMy KOHmMeKcmi gpeHomeH 6a2amMOKymHuUX 4Yucen AB8/AE
ACKpasuli NPUKAad KoO2HIMUBHO20 MAMeEMAMUYHO20 i 0OHOYACHO OUGAKMUYHO20 pecypcy,
CMOHYKAE 8UBYEHHSA ix enacmusocmeli. BionosidoHo 0o yineli pobomu, 6ys0 o0epraHO Oeski
301eHHOCMIi MiX¢ Naackux 6a2amoKymHuXx Yyuces Ha OCHO8I 00CNiIOHEeHHA ix enacmusocmeli;
8U3Ha4YeHO OIiHapHI aneebpaiuyHi onepayii HaG MHOMUHAX 6a2aMOKYMHUX u4ucen pi3HOI
KymHocmi ma 0ocnidxeHo anzebpaiyHi enacmusocmi 03Ha4YeHUX 4Yucen AK anzebpaiyHux
cucmem; NnobydosaHoO asmMopCbKi KoMn’tomepHi moodesi 6a2amoKymHux Yucesn y cepedosuulyi
GeoGebra; 8U3HA4YeHO WAAXU 30CMOCYB8AHHA yux moodeneli 8 0c8iMHiIl npakmuuyi.

Knwuosi cnoea: naacki 6aeamokymHi yucaa ma ix eaacmusocmi; Kommn'romepHi
OUHAMIYHI MoOdeni; MamemMamu4yHa oceima.

AHHOmayua. [pusyH J1.3. KomnoiomepHole modenu 0ad UCCAe008AHUA
MHO20Y20/1bHbIX 4Yucesn U uUX MpumMeHeHUe 8 mamemamuyeckoili obpazosamenbHoli
npakmuke.

CospemeHHble nompebHocmu obwecmea 8 rnodveme ypo8HA MAMemMamuyecKoz2o
06pa3osaHus, Hedocmamo4Hoe ucrnossL308aHuUe KO2HUMUBHO20 nomeHyuana
MamemMamuKu KOGK HAyKuU U OOHOBPEMEHHOE CHUMX(eHUe MOomusauyuu WKO/MAbHUKO8 U
cmy0eHmo8 K ee U3y4YeHUK aKmyaausyrom [OUCK a0eK8amHbIX OuOaKmMu4YecKux
MexaHuU3mos, fnpumeHeHue UHEGOPMAUUOHHbIX mexHono2ul, a makie Heobxodumocms
rnosviWeHUss neda202u4ecKko2o MnomeHyUana GyHOAMeHmManbHbIX ~Mamemamu4eckux
noHamul. B smom KoHmMexkcme theHoMeH MHO20y20/bHbIX Yucesn rnpedcmasnsem cobol
ApPKUl npumep KO2HUMUBHO20 MAMeMamu4yecKkoz2o U O00OHO8pPeMeHHO OUOaKMUYecKo20
pecypca, akmyanuzyem uccnedosaHue ux ceolicms. B pabome nosy4eHol Hekomopble
308uUcUMoOCcmuU Mexc0y MA0CKUMU MHO20Y20/1bHbIMU YUCAAMU HO OCHOB8€e UCC/1e008aHUA UX
ceolicme; onpedeneHbl GUHAPHbLIE ONepayuu HA MHOMECMBAX MHO20Y20/bHbIX Yucesn
pasnuyHoli y2onbHocmu U uccnedos8aHsl asnzebpauyeckue ceolicmea OAHHbIX Yucesn Kak
aseebpauyeckux  cucmem,  MOCMPOEHbI ~ ABMOPCKUE  KOMMblomepHsie  MoOenu
MHO020y20s1bHbIX 4Yucen 8 cpede GeoGebra; npednoxceHbl nNymu rpuMeHeHUs OaHHbIX
moodesneli 8 0b6pazosamesibHOl NpakmMukxe.

Knrouesble cnoea: naockue MHO20y20s1bHble YUCAA U UX ceolicmea; KOMblomepHble
JuHamuyeckue moodesnu; mamemMmamu4eckoe obpasosaHue.

Abstract. Gryzun L.E. Computer models for polygonal numbers investigation and
their use in mathematical education.

Urgent needs of society to raise level of mathematical education and falling students’
motivation to learn mathematics as well as insufficient using of its cognitive power in the
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educational process actualizes necessity to propose relevant didactic mechanisms, to apply
computer technologies and make mathematical concepts serve educational purposes. In this
context the phenomenon of polygonal numbers represents really bright example of both
cognitive resource of math and its application to didactics and real life. According to the aims
of the work, there were obtained and represented some relations among flat polygonal
numbers based on their properties investigation; binary algebraic operations on the sets of
polygonal numbers of various angularity were determined and algebraic properties of the
polygonal numbers sets as algebraic systems were investigated; author’s computer models
of polygonal numbers were built in GeoGebra environment and the ways in which these and
other results might be used in mathematical education were determined.

Kew words: flat polygonal numbers and their properties; computer dynamic models;
mathematical education.
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