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AHOTAUIA

ABSTRACT

®dopmy P06 Knacu4Hum HepisHocmam npucesyeHa

pisHOMaHimHa ~ mamemamuyHa — aimepamypa.  HepisHocmi  Kowi-
ByHsKkoscbko2o ma [endepa snexcams 8 ocHosi 2eomempii yHimapHux ma
HOPMOBAHUX Mpocmopie. Y cmammi po32aaHymo y3a2anbHeHHA Uux
KOHCMPYKYili — noniniHiliHi  ¢hopmu | HepigHocmi 0na Hux. 3micm
y3a2anbHeHUX HepisHocmeli rnonszae 8 OuyiHYi noniniHiliHoi ¢opmu  8id
cucmemu sekmopig Yepe3 ixHi Hopmu. Cama popma 3a 308HIWHIM 8U21900M
€ Y302a16HEHHAM CKanApHo20 006ymKy 8i0 008inbHOI KinbKkocmi eekmopie.
Cymmeso, wjo dosedeHHsA MPoBoOAMbCA eseMeHmapHUMuU memoodamu, 6e3
8UKOPUCMAHHSA 3acobis Mamemamuy4Ho2o aHanizy. Bidomo, wo HepigHicme
Kowi-ByHAKOBCbKO20 € 4acmMuHHUM eunadkom HepigHocmi [endepa. B
pobomi NoKasyemeocs, Wjo HasnaKu, opyay 3 yux HepisHocmeli moxce 6ymu
8ugedeHo 3 nepwoi. 3acmocy8aHHA dosedeHux HepieHocmeli 00 KOHKPemHuUX
8eKkmopie 0ae 00epHaHHA 8iI0OMUX pe3ysbmamis, 30Kkpema, HepieHocmi 0n1a
cepedHix cmeneHesux i OeAKux iHWuUX, AKIi aemopam He 3ycmpidanuce y
mMamemamudHili nimepamypi. HepieHocmi moxcyme 6ymu nepeHeceHi Ha
8EKMOpPU 3 HECKIHYEHHOBUMIPHUX npocmopie nocnidosHocmell. Ix moxcHa
3acmocosy8amu makox 047 MOWYKy ekcmpemymy OesKux GyHKyil i npu
nidzomosy;i do onimniad.

Mamepianu i memoodu. [na dosedeHHs y3a2anbHeHoi HepigHocmi Kowi-
BYHAKOBCLKO20 BUKOPUCMAHO HepieHicmb Kowi 0715 Hegid eMHUX Yuces, Wo €
KoopduHamamu eekmopie 6azamosumipHozo npocmopy. [pu nesHomy
subopi makux eekmopie 3 uiei HepigBHocmi 00800UMbLCA Y3a2anbHEHA
HepigHicme endepa. Bubuparouu eekmopu pi3HOMaHImMHUMU criocobamu,
MOXHa 00epx#amu pi3Hi 3MicmoeHi HepigHocmi.

Pesynbmamu. losedeHo y3azansHeHi HepisHocmi Kowi-byHAKOBCbKO20,
lendepa, HepigHicmb 014 cepedHix cmerneHesux ma OeaKi iHwi.

BUCHOBKU.  3aCMOCYBAHHA  y3a2anbHeHUX  HepigHocmel  Kowi-
ByHsaKoscbKozo i [endepa 0o pi3HUX cucmem sekmopie 3 Hegio’emHUMU
KoopOuHamamu Oae HepieHocmi — AK exce 8idomi, mak i Hosi i documb
3micmoeHi. IxHe OdosedeHHs 3600umbca auwe 0o eubopy nompibHoi
cucmemu 8ekmopis. Ha uysomy wnaxy edaembca nesko 0osooumu
HepigHOCMI, AKI MOXCHA 3ycmpimu Ha MamMemMamuy4HUX 0aimniadax.

Formulation of the problem. Various mathematical literature is
devoted to classical inequalities. The Cauchy-Buniakowski and Helder
inequalities are at the heart of the geometry of unitary and normed spaces.
The article considers the generalization of these constructions - polylinear
forms and inequalities for them. The content of generalized inequalities
consists in estimating a polylinear form from a system of vectors through
their norms. The form itself in appearance is a generalization of the scalar
product of an arbitrary number of vectors. It is essential that the proofs are
carried out by elementary methods, without using means of mathematical
analysis. It is known that the Cauchy-Buniakowski inequality is a partial case
of Helder's inequality. The paper shows that, on the contrary, the second of
these inequalities can be derived from the first. The application of proven
inequalities to specific vectors yields well-known results, in particular,
inequalities for power averages and some others that the authors did not
encounter in the mathematical literature. Inequalities can be transferred to
vectors from infinite-dimensional sequence spaces. They can also be used
to find the extremum of some functions and in preparation for the Olympics.

Materials and methods. To prove the generalized Cauchy-Buniakovsky
inequality, the Cauchy inequality was used for non-negative numbers, which
are the coordinates of vectors in a multidimensional space. With a certain
choice of such vectors, the generalized Helder inequality is proved from this
inequality. By choosing vectors in various ways, you can get different
meaningful inequalities.

The results. The generalized Cauchy-Buniakovsky, Helder inequalities,
the inequality for power averages, and some others are proven.

Conclusions. The application of the generalized Cauchy-Buniakovsky
and Helder inequalities to various systems of vectors with non-negative
coordinates gives inequalities - both well-known and new and quite
meaningful. Their proof is reduced only to the selection of the desired
system of vectors. In this way, it is possible to easily prove inequalities that
can be found at mathematical Olympiads.

K/ItO4OBI C/IOBA: HepisHicmb Kowi-byHAKOBCbKO20; HepigHicmb
lendepa; sekmop; KoopOuHamu eekmopa; AiHiliHuli npocmip; Hopma;
HepigHicmbe MPUKYMHUKa; cepedHe cmeneHese.

KEYWORDS: Cauchy-Buniakovsky inequality; Helder's inequality; vector;
vector coordinates; linear space; norm; triangle inequality; power average.
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Oani 6yaemo BBaxkaTn BCi &y HeBia'eMHMMY, iHaKLle Byaemo 3anucyBaTi HepiBHOCTI A1A Moaynis. 3agada nonAarae B
y3ara/sibHeHHi ABOX KNAaCUYHUX HEPIBHOCTEW 418 M > 2 BeKTopiB

1) y3aranbHeHa HepiBHicTb Kowwi-ByHAKOBCbKOrO:

m m
a11a21"'am1+"'+a1na2n mn—\/(all+ +a1n) '\/(am1+"'+amn) ;
2) y3aranbHeHa HepiBHiCTb Mlenbaepa:

(1)
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B 060X HEPIBHOCTAX PIBHOCTI MAlOTb MICLLE TOA i ULLIE TOAi, KOM BEKTOPU KONiHeapHi

HepisHocTi Kowi-ByHsaKkoBcbKoro, Fengepa Ta geaki iHWwi BMKNageHo, Hanp., B [2, 3]. Barato KNacMYHUX HepiBHOCTEN B
CYYacHi niTepaTypi MiCTUTbCA B LUTOBaHWUX poboTax [1-7]. Mpu ubomy ana fosefeHHA B HinbLIOCTI 3aCTOCOBYIOTHCA METOAM
MaTemMaTUYHOro aHanisy.

Il. floBeaeHHA HepiBHOCTel
OnAa KoxHoro j=
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BapTo MOBTOPWUTH, WO PIBHICTb B LA HepiBHOCTI Mae micue ToAi i TibKM ToAi, KoAn KoopauHath Bektopie A, k=1,
nponopLiitHi, TOBTo, BEKTOPU KONiHeapHi

[JoBeneHHA y3aranbHeHoi HepiBHOCTI lengepa
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Lle gae 3mory nepenncaTn HEPIBHICTb Y BUrNA4i
1 1

Py CATY p P \p
auazr--au+---+a1na2n---a|n§(a11 Tt a, )pl "'(alll +---+a|rl\)p' .

OfepKMMO AefAKi HacNiAKM 3 [OBEeAEeHUX HEPIBHOCTEN.

11l. Npuknagu

Npuknag 1. m=2. 3acTOCYyEMO HepiBHICTb TPUKYTHUKA a NOTIM foBefeHy HepiBHICTb (2) ANA BeKTopiB (31:---1311) i
(bl,---,bn) 3 He060B'A3KOBO HEBIA EMHUMM KOOPAMHATAMMU:

by +... +ayby| < lagllbyl+... +layl byl < \/Z?=1aj2\/2?=1bj2.

Lle Biaoma HepigHicTb Kowi-ByHAKOBCHKOrO i, fIK BiAOMO, PiBHICTb B Li1 HEPIBHOCTI Ma€ Micue Togi i TiAbKKM ToAj, Konun
BEKTOPM KONiHeapHi, TO6To, KoopAMHaTM NPONOPLLMHI.

Mpuknag, 2. 3acTocyemo HepisHicTb (2) ana K ogHaKoBUX BEKTOPIB (aii"'ian) i ana M-k, m>Kk ogHakoBux BeKTOpiB

(Byreby )

(3™ +..+ah™) < (" +.+ an’“)k (b"+...+Db") (3)
Mpuknag, 3. 3acTocyemo HepisHicTb (3) ansa K ogHakoBux BekTopiB (a:lY"'Yan) i ana m—k, m>Kk ogHakoBMX BeKTOpiB
(L,...,1) (T0670, yci b; =1, j =1,...,n). Oaepkumo BiAOMY HepiBHiCTb
(a +...+a§)msnm’k(a1m+...+a;“)k- (4)
3okpema, npu k=1
(a,+..+a) <n"(a +..+a]). (5)

3 (4) BunanBae:

1 1
[alk+...+ankjkS(aim+...+a;“jm_ (6)
n n

Bupasu 3niBa i cnpaBa Ha3MBalOTbCA cepeaHiMM cTeneHeBUMM BianosiaHo cTeneHis K i m. OTKe, AoBeAeHO Bigomy
HepIBHICTb ANA CepeaHiX CTENEeHeBUX HeBia EMHMX Ymncen npu m > k.

Npuknag 4. 3actocyeMo HepiBHICTb (2) Ana k oAHaKOBUX BEKTOPIB (31,---,an) iana m—k, m>Kk oAHaKoBWUX BEKTOPIB
(a“,...,al), 3p0o3yMmino, LWo ixHi Hopmn ogHakoBi. Maemo:
aa" . rakah <A LAl
3ayBaKeHHA. Y Apyromy BEKTOPi MOXHa B3ATU Byab-AKy iHLWY NepecTaHOBKY KOOPAMHAT NepLIoro BeKTopa.
MNpuknap 5. Hexalh m=m, +m,. 3aCTOCYeMO HepiBHIiCTb (3) ANA M, OAHaKOBMX BEKTOPIB (al,...,an) i ana m,

H i i n b —i j—]_ n.
OOHAKOBUX BEKTOpPIB aix---aa . llpn ubomy Vj a: yeey 112

n j
my
_ _ +m, m m 1 1
(&P +..+ar "‘Z)mL <(al+..+a] )ml[af‘+"'+a;”J :

m

2 2
Mpuknag 6. 3acToCyeEMO A0BeAeHY HEPIBHICTb (2) A0 cMCTEMM BEKTOPIB (ai,---,an), (31 v---:an),..., (aim,...,an ) :

m(m=+1) (m+1) \™
[a1 2 4..+a, 2 J <(a+..+a))(a +..+a)..(a" +...+a]") -

< Vs
Mpuknag 7. Hexanh o, a,,...,a, € (O,Z—mj . PosrnaHemo BeKTopU 3 404aTHUMM KOOpAUHATaMM:

(cosay, €08 ar,,...,C08@, ), (C0820,C082ar,...,C0820r, ) .., (€082 a,C052™ax,,...,C0S 2™z, )
| 3aCTOCYEMO [0 HUX HEPIBHICTb (2):

m
(cosa, cos 2, cos2™ o + COs @2, €OS 22, €05 2", + .. + COS , €OS 2cx, COS 2”’1(1”) <
<(cos" e +¢os" at, +...+C0s" , ) COS" 201, +€0S" 2az, +...+C08™ 20x, ) x

X, X (cos”‘ 2" o, +cos" 2" ety + ...+ COS” 2m’1an) :

i m
BuKOpMCTOBYIOUM BigOMy dopmyny cos @ cos 2 @...cos 2™ 1@ = %,(p #+ mk,k € Z , nepenviwemo oaepKaHy

HepiBHICTb Y HACTYNHOMY BUTNAA;:

- . . m

sin2"a;  sin2"q, sin2"q,

- +— ot — <
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2
<2™ (cos" e, +COs" @, +...+ c0s" a, ) (COS™ 2ar, + COS™ 2at, + ...+ COS" 20z, ) x

x...x(cos™ 2" +cos" 2™, +...+C0S" 2", )

OBrOBOPEHHA
JoBeneHi HEPIBHOCTI MatoTb Bak/MBe 3HAaYEHHS cami Mo cobi, ane TaKoXK € LiKaBMMW HacnigKku 3 HuX. MNo-neple, 3a
[,0MNOMOrOt0 y3arasibHeHoi HepiBHOCTI KoLwWwi-ByHAKOBCbKOTO IerKO O0BOAUTLCA KNAACUYHA HEPIBHICTb A1A CepefHiX CTeneHeBmX.

Mo-apyre, BUGMpPatoUM pisHi 3HaUYEHHA ANA KOOpAMHAT BekTopis A =(ak1,ak2,-~-,akn),k =1,...,M, moxHa ogepsKaTh pisHi LjiKasi

HepiBHOCTI. B Takuli cnocib aBTopam BAaBanoOCh IETKO pPO3B’A3aTh AeakKi onimniagHi 3agaui.

BUCHOBKWM TA NEPCNEKTUBU NOAANBLLUOIO AOCNIAXKEHHA

Cepes, noAanblUMX MOXAMBUX  Pe3y/bTaTiB  MOX/AMBE PO3NOBCIOAMKEHHA [AOBEAEHUX HepiBHOCTEM Ha
HeCcKiHYeHHOBMMIpHI npocTopu nocnigosHocTen. LlikaBo 6yno 6 f0BecTM aHanoriyHi HepiBHOCTI AnA iHTerpanis metogammu
MaTemMaTUYHOro aHanisy.
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